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Abstract
In this paper, we give a new construction of the tame local Langlands correspondence for
GL(n, F ), n a prime, where F is a p-adic field. In the tame case, supercuspidal representations of
GL(n, F ) are parameterized by characters of elliptic tori, but the local Langlands correspondence
is unnatural because it involves a twist by some character of the torus. Taking the cue from real
groups, supercuspidal representations should instead be parameterized by characters of covers
of tori. Over the reals, Harish-Chandra described the characters of discrete series restricted
to compact tori. They are naturally written in terms of functions on a double cover of real
tori. We write down a natural analogue of Harish-Chandra’s character for GL(n, F ), and show
that it is the character of a unique supercuspidal representation, away from the local character
expansion. This paves the way for a natural construction of the local Langlands correspondence
for GL(n, F ).
1 Introduction
In this paper, we reexamine the local Langlands correspondence for GL(ℓ, F ), where ℓ is prime and
F is a non-Archimedean local field of characteristic zero, using character theory and ideas from
the theory of real reductive groups. Our main result is a construction of the tame local Langlands
correspondence which circumvents some of the difficulties of [5]. In particular, there are certain
technical choices in the construction of the local Langlands correspondence which are explained
from our point of view. As a result, the construction of the local Langlands correspondence can be
made to appear more natural.
Our results illuminate some new ideas about character theory of p-adic groups and local Lang-
lands for p-adic groups not known before. In particular, irreducible Weil group representations
WF → GL(ℓ,C) and supercuspidal representations of GL(ℓ, F ) are naturally parameterized not by
certain characters of elliptic tori known as admissible pairs, but by genuine characters of double
covers of elliptic tori, as is the case for admissible representations of real groups. We show that
the supercuspidal representations of GL(ℓ, F ) are naturally parameterized by genuine characters of
double covers of elliptic tori using character theory. To do this we rewrite supercuspidal characters
in terms of double covers of elliptic tori as in Harish-Chandra’s discrete series character formula and
as in the Weyl character formula. Rewriting the supercuspidal character formulas in this way paves
the way for a natural construction of local Langlands for GL(ℓ, F ). In particular, it eliminates the
need for any finite order character twists in the local Langlands correspondence for GL(ℓ, F ) that
arise in [5] and [14]. As we shall see, our results and formulas also give justification and reason to
the character formulas that first appeared in [18], which may look like they came out of nowhere.
Let us recall the classical construction of the tame local Langlands correspondence for GL(n, F ).
In the tame case, Howe constructs a map (see [11])
{isomorphism classes of admissible pairs} → {supercuspidal representations of GL(n, F )}
(E/F, χ) 7→ πχ
where χ is a character of E∗ satisfying certain conditions to be described later, and E/F is an
extension of degree n. This map is a bijection (see [14]). Moreover, we have a bijection
{admissible pairs (E/F, χ)} → {irreducible WF → GL(n,C)}
(E/F, χ) 7→ IndWFWE(χ) =: ϕ(χ)
4
(see [14]). The problem is that the obvious map,
ϕ(χ) 7→ πχ,
the so-called “naive correspondence”, is not the local Langlands correspondence because πχ has the
wrong central character. Instead, the local Langlands correspondence is given by
ϕ(χ) 7→ πχ∆χ
for some subtle finite order character ∆χ of E
∗. The presence of the character twist ∆χ makes the
correspondence look unnatural. We will show that if one considers genuine characters of a canonical
double cover of elliptic tori rather than characters of elliptic tori, then one obtains a natural local
Langlands correspondence. We do this in the following way.
Taking the cue from the theory of real groups, we use genuine characters χ˜ of certain double
covers of elliptic tori, denoted T (F )τ◦ρ, instead of characters of elliptic tori T (F ), to parameterize
both representations of WF and supercuspidal representations of GL(ℓ, F ) using character theory.
We give a method for attaching a genuine character of a double cover of elliptic tori satisfying
certain regularity conditions, to a supercuspidal Weil parameter of GL(ℓ, F ):
{irreducible WF → GL(ℓ,C)} ↔ {regular genuine characters of T (F )τ◦ρ} (1)
ϕ 7→ χ˜
Moreover, as we shall show, supercuspidal characters of GL(ℓ, F ) correspond naturally to regular
genuine characters of T (F )τ◦ρ rather than admissible pairs (E/F, χ). Given a regular genuine char-
acter χ˜ of T (F )τ◦ρ, we write down a conjectural Harish-Chandra type character formula, denoted
F (χ˜). We show that this naturally gives a bijection
{regular genuine characters of T (F )τ◦ρ} ↔ {supercuspidal representations of GL(ℓ, F )} (2)
χ˜ 7→ π(χ˜)
where π(χ˜) is the unique supercuspidal representation of GL(ℓ, F ), whose character, restricted to
a certain natural subset of T (F ) (to be described later), is F (χ˜).
Then the composition of bijections (1) and (2),
ϕ 7→ χ˜ 7→ π(χ˜),
is the local Langlands correspondence for GL(ℓ, F )
Let us explain why double covers of tori play a role. We start by considering the group
PGL(2, F ). Recall that the representations of PGL(2, F ) are precisely the representations of
GL(2, F ) with trivial central character. One of the conditions of the local Langlands correspon-
dence for GL(n, F ) says that if ϕ :WF → GL(n,C) is irreducible, then det(ϕ) = ωπ(ϕ), where ωπ(ϕ)
denotes the central character of π(ϕ), and where π(ϕ) denotes the supercuspidal representation of
GL(n, F ) that corresponds to ϕ under the local Langlands correspondence (see [5, Chapter 34]).
Let ϕ be a supercuspidal Weil parameter for PGL(2, F ) (that is, an irreducible representation
WF → GL(2,C) that parameterizes a supercuspidal representation of GL(2, F ) with trivial central
character). Then ϕ = IndWFWE(χ), for some admissible pair (E/F, χ). The condition det(ϕ) = ωπ(ϕ)
implies that χ|F ∗ ⊗ ℵE/F = 1 (see [5, Chapter 34]) where ℵE/F denotes the local class field theory
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character of F ∗ relative to the extension E/F , so χ|F ∗ = ℵE/F . Therefore, the supercuspidal Weil
parameters of PGL(2, F ) are parameterized by the admissible pairs (E/F, χ) where χ|F ∗ = ℵE/F .
Now, recall again that supercuspidal Weil parameters of GL(2, F ) are parameterized by charac-
ters of elliptic tori. One might ask whether the supercuspidal Weil Parameters of PGL(2, F ) are
parameterized by characters of its elliptic tori E∗/F ∗. However, we have just seen that they are
parameterized by characters χ of E∗ whose restriction to F ∗ is ℵE/F . Such a χ is not a character
of the elliptic torus E∗/F ∗ in PGL(2, F ). Rather, it is a genuine character of the double cover
E∗/N(E∗) arising from the canonical exact sequence (note that ker(ℵE/F ) = N(E∗))
1 −→ F ∗/N(E∗) −→ E∗/N(E∗)→ E∗/F ∗ −→ 1
whereN denotes the norm map from E to F . Since F ∗/N(E∗) ∼= Z/2Z by Local Class Field Theory,
we have that E∗/N(E∗) is a double cover of E∗/F ∗. Moreover, χ is not trivial on all of F ∗, so it
doesn’t factor to a character of E∗/F ∗. This means that χ factors to a genuine character, denoted
χ˜, of E∗/N(E∗). Therefore, we are getting naturally that the supercuspidal Weil parameters of
PGL(2, F ) are paramterized by genuine characters of a double cover of the elliptic torus E∗/F ∗
in PGL(2, F ). In fact, this double cover E∗/N(E∗) is none other an the analogue of the ρ-cover
that appears in the theory over the reals, which is a natural double cover of a real torus. The same
above reasoning applies to the setting of PGL(ℓ, F ), where ℓ is an odd prime. We will show that
double covers arise naturally as well for GL(2, F ) and GL(ℓ, F ), where ℓ is an odd prime.
In the theory of real groups, admissible homomorphisms WR → LG naturally produce genuine
characters of the ρ-cover of T (R), denoted T (R)ρ, a certain double cover of T (R), which we now
define. First, we need to make the following definition.
Definition 1.1. Let A, B, and C be groups, and suppose we have homomorphisms φ1 : A → C,
φ2 : B → C. Then the pullback of these two homomorphisms is the group
A×C B := {(a, b) ∈ A×B | φ1(a) = φ2(b)}
together with projections
π1 : A×C B → A π2 : A×C B → B
(a, b) 7→ a (a, b) 7→ b
Then the following diagram commutes:
A×C B π1−−−−→ Ayπ2 yφ1
B
φ2−−−−→ C
Definition 1.2. Let G be a connected reductive group over R, and let T ⊂ G a maximal torus
over R. Let X∗(T ) be the character group of T . Let ∆+ be a set of positive roots of G with respect
to T . Let ρ = 12
∑
α∈∆+
α. Then 2ρ ∈ X∗(T ). Viewing 2ρ as also a character of T (R) by restriction,
we define the ρ-cover of T (R) as the pullback of the two homomorphisms
2ρ : T (R)→ C∗ ΥR : C∗ → C∗
t 7→ 2ρ(t) z 7→ z2
6
We denote the ρ-cover by T (R)ρ, and so the following diagram commutes:
T (R)ρ
ρ−−−−→ C∗yΠR yΥR
T (R)
2ρ−−−−→ C∗
Note that because of the commutativity of the diagram, although ρ is not necessarily a character
of T (R), ρ is naturally a character of T (R)ρ. Moreover, ΠR is the canonical projection ΠR(t, λ) = t.
The genuine characters of T (R)ρ that naturally arise from Weil parameters are used to form
L-packets. In the case of GL(n,R), L-packets are singletons, and we have that the irreducible ad-
missible representations of GL(n,R) and admissible homomorphismsWR → GL(n,C) are in natural
bijection with genuine characters χ˜ of T (R)ρ. The composition of these two parameterizations is
in fact the local Langlands correspondence for GL(n,R).
One can write down more explicitly the correspondence for relative discrete series representa-
tions, and this is the motivation for our work. To state the theorem, we make a few preliminary
remarks.
Definition 1.3. Let G be a connected reductive group over R, T ⊂ G a maximal torus over R.
Let ∆+ be a set of positive roots of G with respect to T . Define
∆0(h,∆+) :=
∏
α∈∆+
(1− α−1(h)), h ∈ T (R)
Recall that in general, ρ is not in X∗(T ). Therefore, ρ(h) does not make sense if h ∈ T (R).
However, ρ is a well-defined character of T (R)ρ. If h˜ ∈ T (R)ρ is any element such that ΠR(h˜) = h,
we may consider the function ∆0(h,∆+)ρ(h˜). This function lives on T (R)ρ, and we have the
following theorem.
Theorem 1.4. (Harish-Chandra) Let G be a connected reductive group, defined over R. Suppose
that G contains a Cartan subgroup T that is defined over R and that is compact mod center. Let ∆+
be a set of positive roots of G with respect to T. Let ρ := 12
∑
α∈∆+
α. Let χ˜ be a genuine character of
T (R)ρ that is regular. Let W :=W (G(R), T (R)) be the relative Weyl group of G(R) with respect to
T (R). Let ǫ(s) := (−1)ℓ(s) where ℓ(s) is the length of the Weyl group element s ∈ W . Let T (R)reg
denote the regular set of T (R). Then there exists a unique constant ǫ(χ˜,∆+) = ±1, depending only
on χ˜ and ∆+, and a unique relative discrete series representation of G(R), denoted π(χ˜), such that
θπ(χ˜)(h) = ǫ(χ˜,∆
+)
∑
s∈W
ǫ(s)χ˜(sh˜)
∆0(h,∆+)ρ(h˜)
, h ∈ T (R)reg
where h˜ ∈ T (R)ρ is any element such that ΠR(h˜) = h. Moreover, every relative discrete series
character of G(R) is of this form.
This character formula is a variant of the formula found in the literature, using ρ-covers. We
can be more specific about the constant ǫ(χ˜,∆+). In particular, ǫ(χ˜,∆+) = (−1)ℓ(s) where s ∈ W
makes dχ˜ dominant for ∆+, dχ˜ denoting the differential of χ˜.
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For GL(2,R), the local Langlands correspondence for relative discrete series representations is
as follows. Fix a positive set of roots ∆+ of G with respect to T . Let ϕ : WR → GL(2,C) be
a relative discrete series parameter, and let T (R) be the compact mod center torus of GL(2,R).
Then ϕ naturally gives rise to a genuine character χ˜ of T (R)ρ. By Harish-Chandra’s discrete
series theorem, χ˜ gives rise to a unique relative discrete series representation, denoted π(χ˜), whose
character, restricted to the regular elements of T (R), is
F (χ˜)(h) := ǫ(χ˜,∆+)
∑
s∈W
ǫ(s)χ˜(sh˜)
∆0(h,∆+)ρ(h˜)
, h ∈ T (R)reg
where h˜ ∈ T (R)ρ is any element such that ΠR(h˜) = h. The map
ϕ 7→ π(χ˜) (3)
is the local Langlands correspondence for relative discrete series representations of GL(2,R). Thus,
one can write down the correspondence for relative discrete series in terms of character theory. This
is the approach we take in this paper, and we will show that the above correspondence (3) carries
over naturally to the p-adic setting.
One of the results that we will prove is an analogue of Harish-Chandra’s theorem for GL(ℓ, F ),
where F is a p-adic field of characteristic zero. In doing this, we give a new realization of the
tame local Langlands correspondence for GL(ℓ, F ), and the character twists ∆χ go away. Before
we present our main results, we need to define the covers of tori that will be essential, which are
an analogue of the ρ-cover that appears in the theory over the reals.
Let G be a connected reductive group defined over F , and T a maximal torus in G defined over
F . Let ∆+ be a choice of positive roots of G with respect to T . Let ρ = 12
∑
α∈∆+
α. Let λ be a
character of K∗, where K/F contains the minimal splitting field of T . Note that the image of 2ρ,
restricted to T (F ), lies in K∗.
Definition 1.5. We define the λ ◦ ρ-cover of T (F ), denoted T (F )λ◦ρ, as the pullback of the two
homomorphisms
λ ◦ 2ρ : T (F )→ C∗ Υ : C∗ → C∗
t 7→ λ ◦ 2ρ(t) z 7→ z2
T (F )λ◦ρ
λ◦ρ−−−−→ C∗yΠ yΥ
T (F )
λ◦2ρ−−−−→ C∗
That is, T (F )λ◦ρ = {(z, w) ∈ T (F )× C∗ : λ(2ρ(z)) = w2}
Note that the above map T (F )λ◦ρ → C∗ sends (z, w) to w. We have denoted this map by λ ◦ ρ,
even though this map is not literally λ composed with ρ. Moreover, Π is the canonical projection
Π(z, w) = z. We will use these maps repeatedly.
Our main results will be the following theorems.
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Theorem 1.6. Let ℓ be prime. If ℓ is 2, we assume that the residual characteristic of F is not 2.
If ℓ 6= 2, we assume that the residual characteristic of F is greater than 2ℓ. Let G(F ) = GL(ℓ, F ),
and let T (F ) = E∗ be an elliptic torus in GL(ℓ, F ), so E = F ( ℓ
√
∆) for some ∆ ∈ F ∗. Let L be the
unique unramified extension of F of degree ℓ−1. Let τo be any character of (EL)∗ whose restriction
to L∗ is ℵEL/L, where ℵEL/L is the local class field theory character of L∗ relative to EL/L. Let
τ := τo | |EL where | |EL denotes the EL-adic absolute value. Let ∆+ be a set of positive roots of
G with respect to T. Let ρ := 12
∑
α∈∆+
α. Let T (F )τ◦ρ be the τ ◦ ρ cover of T (F ). Let χ˜ be a genuine
character of T (F )τ◦ρ that is regular. Let W = W (G(F ), T (F )) denote the relative Weyl group of
G(F ) with respect to T (F ). If s ∈ W (G(F ), T (F )), let ǫ(s) := (−1,∆)ℓ(s)(ℓ+1), where (, ) denotes
the Hilbert symbol of F and ℓ(s) denotes the length of s. Let T (F )reg denote the regular elements
of T (F ).
Then there exists a unique constant ǫ(χ˜,∆+, τ), depending only on χ˜,∆+, and τ , and a unique
supercuspidal representation of GL(ℓ, F ) denoted π(χ˜), such that
θπ(χ˜)(z) = ǫ(χ˜,∆
+, τ)
∑
s∈W
ǫ(s)χ˜(sw)
τ(∆0(z,∆+))(τ ◦ ρ)(w) , ∀z ∈ T (F )
reg : 0 ≤ n(z) ≤ r/2
where w ∈ T (F )τ◦ρ is any element such that Π(w) = z and r is the depth of π(χ˜). Moreover, every
supercuspidal character of GL(ℓ, F ) is of this form.
We will define all of the notation in the above theorem in Chapters 5-8, including n(z),
ǫ(χ˜,∆+, τ), and regularity. We remark that n(z) comes from a canonical filtration on the torus
T (F ), and is defined in [9]. Notice that when we treat the case of depth zero representations (i.e.
r = 0), the range {z ∈ T (F )reg : 0 ≤ n(z) ≤ r/2} becomes {z ∈ T (F )reg : n(z) = 0}. We wish
to make a few comments about the constant ǫ(χ˜,∆+, τ). Firstly, ǫ(χ˜,∆+, τ)4 ∈ R∗. Moreover,
|ǫ(χ˜,∆+, τ)| is a known real number in that it has to do with a canonical measure on the Lie
algebra. The subtlety of ǫ(χ˜,∆+, τ) is in the value of ǫ(χ˜,∆
+,τ)
|ǫ(χ˜,∆+,τ)| ∈ {±1,±i}.
Now let ϕ be a supercuspidal Weil parameter for GL(ℓ, F ). We will show in Chapters 5 and
8 how to construct a regular genuine character, χ˜, of T (F )τ◦ρ, from ϕ. We will then prove the
following theorem.
Theorem 1.7. In the setting of Theorem 1.6, the assignment
ϕ 7→ χ˜ 7→ π(χ˜)
is the Local Langlands correspondence for GL(ℓ, F ).
Let us be a bit more explicit about the representation π(χ˜). In particular, if ϕ :WF → GL(ℓ,C)
is a supercuspidal Weil parameter for GL(ℓ, F ), and ϕ = IndWFWE(χ) for some admissible pair
(E/F, χ), then the π(χ˜) that ϕ maps to under the previous theorem is πχ∆χ .
In Theorems 1.6 and 1.7, we have made our assumptions on ℓ for three reasons. Firstly, because
our methods require the knowledge of the supercuspidal character formulas for GL(ℓ, F ), and these
have only been completely computed so far in the cases where the residual characteristic of F
is greater than ℓ (see [9]). Secondly, it is unclear whether our methods will generalize to wildly
ramified situations. Thirdly, we will use some results from [21], which assumes in the case of ℓ > 2
that the residual characteristic of F is greater than 2ℓ. Once the supercuspidal characters for
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GL(n, F ) become available for arbitrary n, we expect that our methods will generalize to the case
where the residual characteristic of F is coprime to n.
We now briefly present an outline of the paper. In section 2, we introduce some notation that
will be used throughout. In section 3, we recall the necessary theory from real groups that we need.
In particular, we describe some of the basic ingredients of the local Langlands correspondence for
real reductive groups, following [2]. In section 4, we recall the necessary background to describe the
local Langlands correspondence for GL(2, F ), following [5]. In section 5, we introduce the relevant
double covers that play a role in our theory. We then rewrite the supercuspidal characters of
GL(2, F ) in terms of regular genuine characters of double covers of elliptic tori, and show that the
distribution characters are determined by the values on the range {z ∈ T (F )reg : 0 ≤ n(z) ≤ r/2}.
Finally, we present a natural construction of the tame local Langlands correspondence for positive
depth supercuspidal representations of GL(2, F ) using the above theory. In section 6, we treat the
case of depth zero representations of GL(2, F ), and the theory is similar. In section 7, we recall the
necessary background to describe the local Langlands correspondence for GL(ℓ, F ) where ℓ is an
odd prime, following [14]. In section 8, we develop our general theory for GL(ℓ, F ), which carries
over directly from the theory we developed for GL(2, F ) in section 5. In section 9, we treat the case
of depth zero representations of GL(ℓ, F ), and the theory is analogous. In section 10, we list some
useful facts that we need periodically in the paper that would have otherwise been distracting to
the flow of the paper.
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2 Notation and Definitions
Let F denote a local field of characteristic zero, oF its ring of integers, and pF the maximal ideal
of oF . We let p denote a uniformizer of F . Let kF denote the residue field of F with cardinality q.
We choose an element Φ ∈ Gal(F/F ) whose inverse induces on kF the map x 7→ xq. Throughout,
we fix once and for all a nontrivial additive character ψ of F of level one. If E/F is a separable
extension, N will denote the norm map from E to F , TrE/F will denote the trace map from E to F ,
and Aut(E/F ) will denote the group of automorphisms of E that fix F pointwise. When we write
a decomposition w = pnu where w ∈ F ∗, we mean that u ∈ o∗F . If E/F is quadratic and E = F (δ),
we will frequently decompose an element w ∈ E as w = pnu + pmvδ where we are viewing E as a
vector space over F with basis 1, δ, and u, v ∈ o∗F . If E/F is quadratic, then we will write w instead
of υ(w) where 1 6= υ ∈ Gal(E/F ). Let (, )F denote the Hilbert symbol of F ; most of the time we
will write (, ) when there is no confusion about the field. We also set UnF := 1 + p
n
F and UF = o
∗
F .
If E/F is Galois, we let ℵE/F denote the local class field theory character of F ∗ relative to the
extension E/F . If K is a local non-archimedean field of characteristic zero, we let | |K denote the
K-adic absolute value of K. In Chapters 5-6, τo will denote any character of E
∗ whose restriction
to F ∗ is ℵE/F , where E/F is a tame quadratic extension, and we will set τ := τo | |E where | |E is
the E-adic absolute value. In Chapters 8-9, τo will denote any character of (EL)
∗ whose restriction
to L∗ is ℵEL/L, where E/F is a tame degree ℓ extension and L/F is the degree ℓ − 1 unramified
extension, and we will set τ := τo | |EL where | |EL is the EL-adic absolute value. We will generally
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write | | when it is clear which field we are referring to.
If
1→ Z/2Z→ A→ B → 1
is an exact sequence of groups, then a character β of A is said to be genuine if β|Z/2Z is not
trivial (that is, β does not arise from a character A → B). When we say that a 2-fold cover of a
group (as above) splits, we mean that the exact sequence splits. If G denotes any group, then Gab
denotes its abelianization. If G is a connected reductive group defined over F and T is a maximal
torus in G defined over F , then we will frequently write the relative Weyl group as W instead of
W (G(F ), T (F )). We will write T (F )reg for the set of regular elements in T (F ). If B is a normal
subgroup of A and a ∈ A, then we will write [a] to denote the class of a in A/B.
If π is a representation of a group, let ωπ denote its central character.
3 Background from real groups
In order to motivate the theory that we wish to develop for p-adic groups, we describe the cor-
responding theory over R since this is what our theory is based upon. We will briefly recall the
relevant theory of the local Langlands correspondence over R. More information can be found in
[2].
3.1 Covers of Tori
It will be important to describe a part of the local Langlands correspondence having to do with
discrete series representations. Recall Definition (1.2). The Weyl group acts on T (R)ρ as follows:
If (t, λ) ∈ T (R)ρ, then define
s(t, λ) := (st, es
−1ρ−ρ(t)λ) ∀s ∈W (G(R), T (R)) (4)
Definition 3.1. A genuine character χ˜ of T (R)ρ is called regular if
sχ˜ 6= χ˜ ∀s ∈ W (G(R), T (R))
where sχ˜(t, λ) := χ˜(s−1(t, λ)).
3.2 Discrete series Langlands paramaters and character formulas
Let G be a connected reductive group over R that contains a compact torus defined over R. It is
known that this is equivalent to G(R) having discrete series representations.
Definition 3.2. Let t be an indeterminate and let k denote the rank of G. For h ∈ G, define
DG(h) by
det(t+ 1−Ad(h)) = DG(h)tk + ...(terms of higher order)
Then if ∆ is the set of roots of T in G,
DG(h) =
∏
α∈∆
(1− α(h)).
Let ∆+ be a set of positive roots. Then if the cardinality of ∆+ is n, we have
(−1)nDG(h) = ∆0(h,∆+)2(2ρ)(h)
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where ∆0(h,∆+) is as in Definition 1.3. Then, if we define |ρ(h)| := |2ρ(h)| 12 we get that
|DG(h)| 12 = |∆0(h,∆+)||ρ(h)|
If h˜ ∈ T (R)ρ maps to h ∈ T (R) via the canonical projection, then
|DG(h)|
1
2 = |∆0(h,∆+)||ρ(h)| = |∆0(h,∆+)||ρ(h˜)|
Let G(R) = GL(2,R) and T (R) its compact maximal torus. Fix a positive set of roots ∆+ of G
with respect to T . Let ϕ : WR → GL(2,C) be a discrete series Weil parameter. By the theory in
[2], ϕ caonically gives rise to a genuine character χ˜ of T (R)ρ. By Harish-Chandra’s discrete series
theorem, χ˜ canonically gives rise to a unique discrete series representation, denoted π(χ˜), whose
distribution character is
θπ(χ˜)(h) := ǫ(χ˜,∆
+)
∑
s∈W
ǫ(s)χ˜(sh˜)
∆0(h,∆+)ρ(h˜)
, h ∈ T (R)reg
where h˜ ∈ T (R)ρ is any element such that ΠR(h˜) = h. Then the map ϕ 7→ π(χ˜) is the local
Langlands correspondence for discrete series representations of GL(2,R). The rest of this paper
will be devoted to proving the analogous result for GL(ℓ, F ), where F is a local non-Archimedean
field of characteristic zero, and ℓ is prime.
4 Existing Description of Local Langlands Correspondence for
GL(2, F )
In this chapter, we describe the construction of the local Langlands correspondence for GL(2, F )
as explained in [5].
4.1 Admissible Pairs
Let E/F be a tamely ramified quadratic extension and χ a character of E∗. Recall that N denotes
the norm map from E to F .
Definition 4.1. The pair (E/F, χ) is called an admissible pair if
(i) χ does not factor through N and
(ii) If χ|1+pE factors through N , then E/F is unramified.
We write P2(F ) for the set of F -isomorphism classes of admissible pairs. For more information
about admissible pairs, see [5, Section 18].
Definition 4.2. Let (E/F, χ) be an admissible pair where χ is level n. We say that (E/F, χ) is
minimal if χ|Un
E
does not factor through N .
12
4.2 Depth zero supercuspidal representations of GL(2, F )
Let (E/F, χ) be an admissible pair where χ has level 0. By definition of admissible pair, this implies
that E/F is unramified. Then kE/kF is a quadratic extension. Moreover, since χ|1+pE = 1, χ|UE
is the inflation of a character, call it χ again, of k∗E . By the theory of finite groups of Lie type,
the character χ then gives rise to an irreducible cuspidal representation λ′ of GL(2, kF ). Let λ be
the inflation of λ′ to GL(2, oF ). We may extend λ to a representation Λ of K := F
∗GL(2, oF ) by
setting Λ|F ∗ = χ|F ∗, and induce the resulting representation to all of G. Set
πχ = cInd
G
KΛ
where cInd denotes compact induction.
Let P2(F )0 denote the set of admissible pairs of level zero, and let A
0
2(F )0 denote the set of
equivalence classes of depth zero supercuspidal representations of GL(2, F ).
Proposition 4.3. The map (E/F, χ) 7→ πχ induces a bijection
P2(F )0 → A02(F )0
Furthermore, if (E/F, χ) ∈ P2(F )0, then:
(i) if φ is a character of F ∗ of level zero, then πχφE = φπχ
(ii) if π = πχ, then ωπ = χ|F ∗
Proof. See [5, Section 19.1].
4.3 Positive depth supercuspidal representations of GL(2, F )
Let (E/F, χ) be a minimal admissible pair such that χ has level n ≥ 1. We set ψE = ψ ◦ TrE/F .
Let α(χ) ∈ p−nE such1 that χ(1 + x) = ψE(α(χ)x) ∀x ∈ pxn/2y+1E . To the pair of data (E/F, χ)
and α(χ), one can attach a supercuspidal representation πχ of GL(2, F ) (see [5, Chapter 20]). In
general, let (E/F, χ) be an arbitrary admissible pair of level n ≥ 1. There is a character φ of
F ∗ and a character χ′ of E∗ such that (E/F, χ′) is a minimal admissible pair and χ = χ′φE . We
define πχ = φπχ′ . Let A
0
2(F ) denote the set of equivalence classes of all irreducible supercuspidal
representations of GL(2, F ). Then together with Proposition (4.3), we have the following theorem.
Theorem 4.4. The map (E/F, χ) 7→ πχ induces a bijection
P2(F )→ A02(F ) if p 6= 2
Furthermore, if (E/F, χ) ∈ P2(F ), then:
(i) ωπχ = χ|F ∗
(ii) if φ is a character of F ∗, then πχφE = φπχ.
Proof. See [5, Section 20.2].
1In [5], the notation α is used. We prefer to use the notation α(χ) since this element depends on the character χ.
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4.4 Weil parameters
Let G02(F ) be the set of equivalence classes of irreducible smooth two-dimensional representations
of WF . Recall that there is a local Artin reciprocity isomorphism given by W
ab
E
∼= E∗. Then, if
(E/F, ξ) ∈ P2(F ), ξ gives rise to a character of W abE , which we can pullback to a character, also
denoted ξ, of WE . We can then form the induced representation ϕξ = Ind
WF
WE
ξ of WF .
Theorem 4.5. Suppose the residual characteristic of F is not 2. If (E/F, ξ) is an admissible pair,
the representation ϕξ of WF is irreducible. The map (E/F, ξ) 7→ ϕξ induces a bijection
P2(F )→ G02(F )
Proof. See [5, Chapter 33].
We therefore have canonical bijections
P2(F )→ A02(F ), P2(F )→ G02(F ) (5)
(E/F, ξ) 7→ πξ, (E/F, ξ) 7→ ϕξ,
given by Theorem (4.5) and Theorem (4.4). Combining both of these bijections, we obtain a
bijection
G02(F )→ A02(F ) (6)
ϕξ 7→ πξ
However, this bijection is not the local Langlands correspondence. The reason is as follows.
If (E/F, ξ) ∈ P2(F ), then by [5, Proposition 29.2], representation ϕξ has determinant ℵE/F ⊗
ξ|F ∗ , whereas πξ has central character ξ|F ∗ . This contradicts one of the requirements of the local
Langlands correspondence which says that if ϕ : WF → GL(2,C) is an irreducible Weil parameter,
then ωπ(ϕ) = det(ϕ) where π(ϕ) is the supercuspidal representation of GL(2, F ) that corresponds to
ϕ under the local Langlands correspondence. We must therefore systematically modify the bijection
(6), which we proceed to do now.
If K/F is a finite separable extension, let λK/F (ψ) denote the Langlands constant, as in [2,
34.3].
Definition 4.6. Let (E/F, ξ) be an admissible pair in which E/F is unramified. Define ∆ξ to be
the unique quadratic unramified character of E∗.
Let µF denote the group of roots of unity in F of order prime to to the residual characteristic
of F . Let E/F be a totally tamely ramified quadratic extension, let ̟ be a uniformizer of E, and
let β ∈ E∗. Since UE = µEU1E = µFU1E , there is a unique root of unity ζ(β,̟) ∈ µF such that
β̟−vE(β) = ζ(β,̟) (mod U1E).
Definition 4.7. (i) Let (E/F, ξ) ∈ P2(F ) be a minimal admissible pair such that E/F is totally
tamely ramified. Let n be the level of ξ and let α(χ) ∈ p−nE satisfy ξ(1 + x) = ψE(α(χ)x), x ∈ pnE .
There is a unique character ∆ = ∆ξ of E
∗ such that:
∆|U1
E
= 1, ∆|F ∗ = ℵE/F ,
∆(̟) = ℵE/F (ζ(α(χ),̟))λE/F (ψ)n
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(ii) Let (E/F, ξ) ∈ P2(F ) and suppose that E/F is totally tamely ramified. Write ξ = ξ′χE for
a minimal admissible pair (E/F, ξ′) and a character χ of F ∗. Define
∆ξ = ∆ξ′
Theorem 4.8. Tame Local Langlands Correspondence
Suppose the residual characteristic of F is not 2. For ϕ ∈ G02(F ), define π(ϕ) = πξ∆ξ in the
notation of (5) for any (E/F, ξ) ∈ P2(F ) such that ϕ ∼= ϕξ. The map
π : G02(F )→ A02(F )
is the local Langlands correspondence for GL(2, F ).
Proof. See [5, Chapter 34].
Proposition 4.9. If ϕ ∈ G02(F ) and π = π(ϕ), then ωπ = det(ϕ).
Proof. See [5, Chapter 33]
5 Positive depth supercuspidal character formulas for PGL(2, F )
and GL(2, F )
5.1 Setup
In this chapter we prove Theorems 1.6 and 1.7 for the positive depth supercuspidal representations
of GL(2, F ). Note that since we working here with GL(2, F ), we have that L = F and so ℵEL/L =
ℵE/F and | |EL = | |E . Moreover, ǫ(s) = (−1,∆)ℓ(s)(ℓ+1) = (−1,∆)ℓ(s) since ℓ = 2 here. Finally, τo
is a character of E∗ such that τo|F ∗ = ℵE/F .
Definition 5.1. Let χ˜ be a genuine character of T (F )τ◦ρ. We define the function F (χ˜) : T (F )
reg →
C by
F (χ˜)(z) = ǫ(χ˜,∆+, τ)
∑
s∈W
ǫ(s)χ˜(sw)
τ(∆0(z,∆+))(τ ◦ ρ)(w) , ∀z ∈ T (F )
reg
We will define all of the notation in Theorem (1.6) in the next several sections, including n(z),
ǫ(χ˜,∆+, τ), and the definition of regular. We will also regularly use the fact thatW (G(F ), T (F )) =
Aut(E/F ). Notice that there is only one difference between this proposed character formula F (χ˜)
and the character formula for discrete series of real reductive groups. If we were to literally transport
the character formula of Theorem (1.4) to the p-adic case, then the denominator ∆0(h,∆+)ρ(h˜)
would take values in K∗, where K/F is the minimal splitting field of the elliptic torus T . This
would be problematic since characters must take values in C. Therefore, a natural thing to try is
to introduce a C∗-valued character τ of K∗ into the denominator in order that the denominator
takes values in C∗.
We note that all of our calculations in the next two chapters will assume that we have chosen
the standard positive set of roots of GL(2, F ) with respect to the standard split maximal torus.
Our main results, however, will be seen to be independent of any choice of positive roots.
Now let ϕ be a supercuspidal Weil parameter for GL(2, F ). We will show later in this section
how to construct a regular genuine character, χ˜, of T (F )τ◦ρ, from ϕ. We will then proceed to prove
Theorem (1.7).
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Let F denote a non-Archimedean local field of characteristic zero with residual characteristic co-
prime to 2. Let E/F be a quadratic extension. Write E = F (
√
∆) for some ∆ ∈ F ∗ and let
δ :=
√
∆. E∗ embeds as an elliptic torus in GL(2, F ) via the map
E∗ →֒ GL(2, F )
a+ bδ 7→
(
a b
b∆ a
)
and therefore E∗/F ∗ embeds in PGL(2, F ) as an elliptic torus as well.
We now introduce a notion of regularity that we will need. Let E/F be a tamely ramified
quadratic extension and χ a character of E∗. Recall that N denotes the norm map from E to F .
Definition 5.2. χ is called regular if χ does not factor through N . If χ is regular, we call the pair
(E/F, χ) a regular pair.
All definitions we have made in the previous chapter for admissible pairs, we also make for regu-
lar pairs and regular characters. For example, as we defined the notion of minimal admissible pair,
we make the same definition for minimal regular pair. In particular, we also define the character
twists ∆χ for a regular pair (E/F, χ) exactly the same way they were defined for admissible pairs.
For example, if (E/F, χ) is a regular pair where E/F is ramified, then ∆χ is the character of E
∗
from Definition 4.7. Given a regular pair (E/F, χ), one may also construct a supercuspidal repre-
sentation πχ as in the previous chapter, but this construction is not one to one. Our constructions
and results do not require the stronger notion of admissible pair. We will sometimes say that χ is
regular when the field E is understood.
We now briefly reexplain why double covers of tori play a role, now in terms of the notion of
regular pairs. Let ϕ be a supercuspidal Weil parameter for PGL(2, F ). Then ϕ = IndWFWE(χ),
for some regular pair (E/F, χ). Since we are using the notion of regular pair here rather than
admissible pair, there may be a choice involved here. That is, there may be another regular pair
(E1/F, χ1) such that ϕ = Ind
WF
WE1
(χ1) as well. However, this will not matter, and we will show that
our results and constructions are independent of all choices. By Proposition (4.9), χ|F ∗ = ℵE/F .
Therefore, the supercuspidal Weil parameters for PGL(2, F ) naturally give rise to regular pairs
(E/F, χ) where χ|F ∗ = ℵE/F . Such a χ is a genuine character of the double cover E∗/N(E∗)
of E∗/F ∗ as in the introduction. We note that the double cover E∗/N(E∗) splits if and only if
(−1,∆) = 1 (see [3]). In fact, this double cover E∗/N(E∗) is none other than an analogue of the
ρ-cover that appears in the theory over the reals (see Definition (1.2)). We explain this now.
Relative to the standard positive root of PGL(2, F ), let ρ be half the positive root. An elliptic
torus in PGL(2, F ) is of the form T (F ) = E∗/F ∗. Fix a character τo of E
∗ whose restriction to F ∗
is ℵE/F , and set τ := τo| |E. Recall the denominator
τ(∆0(z,∆+))(τ ◦ ρ)(w)
that was defined in Theorem (1.6). Although τ ◦ ρ is not naturally a function on E∗/F ∗ since in
particular ρ is not naturally a function on E∗/F ∗, it is by definition a function on the τ ◦ρ-cover of
E∗/F ∗. Recall Definition (1.5). Then in our case, T (F )τ◦ρ = {(z, λ) ∈ E∗/F ∗×C∗ : τ(2ρ(z)) = λ2}.
Lemma 5.3. E∗/N(E∗) ∼= T (F )τ◦ρ.
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Proof. Define the map
E∗/N(E∗)
κ−→ T (F )τ◦ρ
[w] 7→ ([w], τo(w)|2ρ([w])|1/2)
where on the right hand side, [w] lives in E∗/F ∗. To show injectivity, suppose κ([w]) = ([1], 1),
where w ∈ E∗. Since [w] = [1], we get w ∈ F ∗. But since τo(w)|2ρ([w])|1/2 = 1, we get that
w ∈ N(E∗) since τo|F ∗ = ℵE/F and since |2ρ([w])| = 1 since [w] = 1. To show surjectivity, suppose
([w], λ) ∈ T (F )τ◦ρ, where w ∈ E∗. Then, by definition of T (F )τ◦ρ, we get that τ(2ρ([w])) = λ2.
This means that τo(w/w)|2ρ([w])| = λ2. But τo is trivial on the norms, so we have that τo(w/w) =
τo(w
2/N(w)) = τo(w)
2. Therefore, λ = ±τo(w)|2ρ([w])|1/2 . If λ = τo(w)|2ρ([w])|1/2 , then we get
that κ([w]) = ([w], λ). If λ = −τo(w)|2ρ([w])|1/2 , then let x ∈ F ∗ \N(E∗). Then κ([xw]) = ([w], λ).
Therefore, κ is surjective.
We note that the importance of the term |2ρ([w])|1/2 comes from the fact that
|D([w])| 12 = |∆0([w],∆+)||2ρ([w])|1/2 ,
an observation made in Chapter 3. The reason why this is important is that the term |D(w)|1/2
appears in the supercuspidal characters (see Section (5.2)). We will need this fact for the character
formulas for GL(n, F ), where n is prime.
Now let’s write down the character formula for a supercuspidal representation of PGL(2, F ).
Let ϕ : WF → GL(2,C) be a supercuspidal parameter for PGL(2, F ) so that ϕ = IndWFWE (χ) for
some regular pair (E/F, χ). As discussed earlier, this gives us a genuine character χ˜ of E∗/N(E∗).
Definition 5.4. A genuine character η˜ of E∗/N(E∗) is called regular if (E/F, η) is regular, where
η is the pullback of η˜ to E∗. A genuine character λ˜ of T (F )τ◦ρ is called regular if λ˜ ◦ κ is regular.
Now recall from Theorem (1.6) the proposed character formula F (χ˜). We naturally constructed
a genuine character χ˜ of E∗/N(E∗). However, the functions in F (χ˜) have domain T (F )τ◦ρ. Recall
that T (F )τ◦ρ ∼= E∗/N(E∗) by Lemma (5.3), so we can pull the function (τ ◦ ρ)(w) and the Weyl
group action in F (χ˜) back to E∗/N(E∗) via this isomorphism, and leave our constructed χ˜ as living
on E∗/N(E∗). That is, we consider
F (χ˜)(z) = ǫ(χ˜,∆+, τ)
∑
s∈W
ǫ(s)χ˜(s[w])
τ(∆0(z,∆+))(τ ◦ ρ)(κ([w])) , z ∈ T (F )
reg
where [w] ∈ E∗/N(E∗) such that Π(κ([w])) = z. Unwinding the definitions, we see that
(τ ◦ ρ)(κ([w])) = τo(w)|2ρ([w])|1/2 ∀[w] ∈ E∗/N(E∗), where we also write [w] as the element in
E∗/F ∗.
We also need to define the Weyl group action. The Weyl group action on the τ ◦ ρ-cover
is obtained as follows. If ([w], λ) is an element of T (F )τ◦ρ, then analogously to the real case
(recall equation (4) in Chapter 3), define s([w], λ) = (s[w], λτ((s−1ρ − ρ)([w]))) for s ∈ W =
W (G(F ), T (F )) = Aut(E/F ). Simplifying this expression, we get s([w], λ) = ([w], λτ(w/w)) when
s ∈W is nontrivial. Then, since our character formula lives on E∗/N(E∗), we must pull back this
action from T (F )τ◦ρ to E
∗/N(E∗) via κ. Doing this, we see that we get s[w] = κ−1(sκ([w])) =
κ−1(s([w], τo(w)|2ρ([w])|1/2)) = κ−1([w], τo(w)|2ρ([w])|1/2τ(w/w)) = κ−1([w], τo(w)|2ρ([w])|1/2) =
[w] ∀[w] ∈ E∗/N(E∗) when s ∈W = Aut(E/F ) is nontrivial, since |2ρ([w])| = |w/w| = 1 ∀w ∈ E∗.
We note that the definition of regularity for a genuine character of T (F )τ◦ρ is analogous to the
definition of regularity for a genuine character λ˜ of T (R)ρ for real groups.
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Then, pulling (τ ◦ ρ)(w) and the Weyl group action back to E∗/N(E∗) via κ, we get
F (χ˜)(z) = ǫ(χ˜,∆+, τ)
χ˜([w]) + (−1,∆)χ˜([w])
τo(1− 1/z)|∆0(z,∆+)|τo(w)|2ρ(z)|1/2
where z ∈ E∗/F ∗ and [w] ∈ E∗/N(E∗) is some element that maps to z under the map
E∗/N(E∗)→ E∗/F ∗. Note that our formula simplifies:
F (χ˜)(z) = ǫ(χ˜,∆+, τ)
χ(w) + (−1,∆)χ(w)
τo(w − w)|D(z)|1/2
, z ∈ T (F )reg
where w ∈ E∗ is any element that maps to z ∈ T (F ) = E∗/F ∗ under canonical map E∗ → E∗/F ∗.
The reason is that |D(z)|1/2 = |∆0(z,∆+)||2ρ(z)|1/2 from Chapter 3.
We also note that if we had made the other choice of ∆+, the denominator in our character
formula would include the term τo(w−w) instead of τo(w−w). However, because our definition of
ǫ(χ˜,∆+, τ) includes the term ǫ(∆+) (see Section (5.2)), our overall character formula F (χ˜) remains
the same regardless of the choice of positive root. The same line of reasoning is true for the case of
GL(2, F ), which we present next.
Let us now compute our proposed character formula for GL(2, F ). Let ρ be half the standard
positive root of GL(2, F ). An elliptic torus in GL(2, F ) is of the form T (F ) = E∗. We now
introduce a cover which is isomorphic to T (F )τ◦ρ.
Definition 5.5. Let E∗/N(E∗)→ E∗/F ∗ be the canonical projection map. We define E∗ ×E∗/F ∗
E∗/N(E∗) as the group arising in the following pullback diagram:
E∗ ×E∗/F ∗ E∗/N(E∗) −−−−→ E∗/N(E∗)y y
E∗
w 7→[w]−−−−→ E∗/F ∗
That is, E∗ ×E∗/F ∗ E∗/N(E∗) = {(w, z) ∈ E∗ × E∗/N(E∗) : [w] = [z] ∈ E∗/F ∗}
Lemma 5.6. E∗ ×E∗/F ∗ E∗/N(E∗) ∼= T (F )τ◦ρ
Proof. An explicit isomorphism is given by
E∗ ×E∗/F ∗ E∗/N(E∗) κ−→ T (F )τ◦ρ
(w, [z]) 7→ (w,ℵE/F (z/w)τo(w)|2ρ(w)|1/2)
To see that this is injective, note that if w = 1, then z ∈ F ∗ by definition of pullback. But
then ℵE/F (z) = 1 implies that z ∈ N(E∗). To see surjectivity, suppose that (w, λ) ∈ T (F )τ◦ρ.
Then by definition of the pullback, we get τo(w/w)|2ρ(w)| = λ2. But τo(w/w) = τo(w2/N(w)) =
τo(w)
2. Thus, λ = ±τo(w)|2ρ(w)|1/2 . If λ = τo(w)|2ρ(w)|1/2 , then κ(w, [w]) = (w, λ). If λ =
−τo(w)|2ρ(w)|1/2 , then κ(w, [xw]) = (w, λ), where x ∈ F ∗ \N(E∗).
Now let’s write down the character formula for a supercuspidal representation of GL(2, F ). Now
let ϕ : WF → GL(2,C) be a supercuspidal parameter so that ϕ = IndWFWE(χ) for some regular pair
(E/F, χ). Then this canonically gives a genuine character χ˜ of E∗ ×E∗/F ∗ E∗/N(E∗) as follows.
Define χ˜(w, [z]) := χ(w)ℵE/F (z/w).
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Definition 5.7. A genuine character η˜ of E∗ ×E∗/F ∗ E∗/N(E∗) is called regular if (E/F, η) is
regular, where η(w) := η˜(w, [z])ℵE/F (z/w). A genuine character λ˜ of T (F )τ◦ρ is called regular if
λ˜ ◦ κ is regular.
We have therefore given a map Ê∗ → (E∗ ×E∗/F ∗ E∗/N(E∗))∧ given by η 7→ η˜, where
η˜(w, [z]) := η(w)ℵE/F (z/w). Note that we have a canonical map in the other direction, (E∗×E∗/F ∗
E∗/N(E∗))∧ → Ê∗, given by η˜ 7→ η, where η(w) := η˜(w, [z])ℵE/F (z/w). We will regularly go back
and forth between characters of E∗ and genuine characters of E∗×E∗/F ∗ E∗/N(E∗). In particular,
when we write χ˜, a genuine character of E∗ ×E∗/F ∗ E∗/N(E∗), we will sometimes keep in mind
that there is a canonical character χ of E∗ that χ˜ comes from via the above maps.
Now recall the proposed character formula F (χ˜) from Theorem (1.6). We have naturally con-
structed a genuine character χ˜ of E∗×E∗/F ∗E∗/N(E∗). However, the functions in F (χ˜) have domain
T (F )τ◦ρ. Recall that T (F )τ◦ρ ∼= E∗ ×E∗/F ∗ E∗/N(E∗), so we can pull the function (τ ◦ ρ)(w) and
the Weyl group action in F (χ˜) back to E∗ ×E∗/F ∗ E∗/N(E∗) via this isomorphism κ from Lemma
(5.6), and leave our constructed χ˜ as living on E∗ ×E∗/F ∗ E∗/N(E∗). That is, we consider
F (χ˜)(w) = ǫ(χ˜,∆+, τ)
∑
s∈W
ǫ(s)χ˜(s(w, [z]))
τ(∆0(w,∆+))(τ ◦ ρ)(κ(w, [z])) , w ∈ T (F )
reg
where (w, [z]) ∈ E∗×E∗/F ∗ E∗/N(E∗) such that Π(κ((w, [z]))) = w. Unwinding the definitions, we
see that (τ ◦ ρ)(κ((w, [z]))) = ℵE/F (z/w)τo(w)|2ρ(w)|1/2 ∀ (w, [z]) ∈ E∗ ×E∗/F ∗ E∗/N(E∗).
We also need to define the Weyl group action. As in the case of PGL(2, F ), the action is
s(w, λ) = (sw, λτ((s−1ρ− ρ)(w))) for s ∈W . Pulling this back to E∗×E∗/F ∗ E∗/N(E∗) via κ, this
simplifies to s(w, [z]) = (w, [z]) ∀(w, [z]) ∈ E∗ ×E∗/F ∗ E∗/N(E∗) when s ∈W is nontrivial.
Pulling back (τ ◦ ρ)(w) and the Weyl group action to E∗ ×E∗/F ∗ E∗/N(E∗) via κ, we get
F (χ˜)(w) = ǫ(χ˜,∆+, τ)
∑
s∈W
ǫ(s)χ(sw)ℵE/F (s(z/w))
τo(1−w/w)|∆0(w,∆+)|τo(w)ℵE/F (z/w)|2ρ(w)|1/2
=
ǫ(χ˜,∆+, τ)
χ(w) + (−1,∆)χ(w)
τo(w −w)|D(w)|1/2
, w ∈ T (F )reg
since |D(w)|1/2 = |∆0(w,∆+)||2ρ(w)|1/2 from Chapter 3. We will see that our proposed character
formulas for GL(2, F ) and PGL(2, F ) are independent of the choice of τ .
Summing up, we have given a method of assigning a conjectural character formula for a super-
cuspidal representation of GL(2, F ) or PGL(2, F ) to a supercuspidal Weil parameter ϕ of GL(2, F )
or PGL(2, F ), respectively, given by
ϕ 7→ χ˜ ∈ T̂ (F )τ◦ρ 7→ F (χ˜)
5.2 The constant ǫ(χ˜,∆+, τ)
We now turn to the question of defining the constant ǫ(χ˜,∆+, τ). We recall the main theorem
describing the distribution characters of positive depth supercuspidal representations of GL(n, F ),
where n is prime. We note that there is an analogous definition of regular pair (E/F, χ) when E/F
has degree n, and this is discussed further in Section (7.1).
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Theorem 5.8. [9, Theorem 5.3.2] 2 Let (E/F, χ) be a regular pair where E/F has degree n and
χ has positive level, and write G′ = E∗. Let π = πχ be the associated positive depth supercuspidal
representation of GL(n, F ) given by Theorem (4.4). Then
θπ(γ)
deg(π)
=

Cλ(σ)
∑
w∈W
χ(wt) if n(γ) = 0 and γ = gt with g ∈ G and t ∈ G′
C
∑
w∈W
χ(wt)γ(α(χ),wY ) if 0 < n(γ) ≤ r/2 and γ = gt where t = z(1 + Y ) with
z ∈ Z, g ∈ G, and Y ∈ g′n(γ) \ (zn(γ) + g′n(γ)+)
χ(z)µα(χ)(Y ) if n(γ) > r/2 and γ = z(1 +
gY ) with g ∈ G, z ∈ Z,
and Y ∈ Vn(γ)
0 otherwise
Here, C := cψ(g
′)c−1ψ (g)|D(γ)|−1/2|η(α(χ))|−1/2 is defined in [9, Section 5.3].3 The notation is
explained in [9, Chapters 4-5] and we will mostly follow the same notation. In particular, D and η
denote the Weyl discriminants of G and g, respectively.
To define ǫ(χ˜,∆+, τ), we need to calculate the constant γ(α(χ), Y ) in the above theorem. Recall
G = GL(2, F ), g = gl(2, F ), G′ = E∗, g′ = E. We have a direct sum decomposition g = g′+g⊥ where
the perpendicular is taken with respect to the trace form < Z1, Z2 >:= Tr(Z1Z2) ∀Z1, Z2 ∈ g. Let
V,W ∈ g⊥. Then we define
Q(α(χ),Y )(V,W ) := (trace([α(χ),W ][V, Y ])/2).
Q(α(χ),Y )(V,W ) is a non-degenerate, symmetric, bilinear form on g
⊥. Then, γ(α(χ),Y ) is by definition
the Weil Index of ψ ◦Q(α(χ),Y ) (see [17] and Definition (10.3)). Let us calculate γ(α(χ),Y ).
First, note that g′ may be embedded in M2(F ) by
g′ →֒ g
a+ dδ 7→
(
a d
d∆ a
)
, a, d ∈ F
where E = F (δ) with δ =
√
∆. The following two Lemmas are elementary.
Lemma 5.9.
g⊥ =
{(
a b
−b∆ a
)
: a, b ∈ F
}
Lemma 5.10. If α(χ) =
(
a x
x∆ a
)
and Y =
(
t y
y∆ t
)
are arbitrary elements in g′, then the
matrix of the quadratic form Q(α(χ),Y ) is(
4xy∆ 0
0 −4xy∆2
)
2In [9], Xπ is the notation used instead of α(χ) (recall the notation α(χ) from Section 4.3). The notation Xπ is a
bit misleading, because the element Xπ depends on χ, not just pi. Since the notation in [9] and [5] differ, we need to
choose a set of notation. We prefer to use the notation α(χ).
3In [9], Λ is used to denote a fixed additive character of F . In [5], ψ is used to denote a fixed additive character
of F . We prefer to use the notation ψ.
20
Lemma 5.11. Let α(χ) =
(
a x
x∆ a
)
and Y =
(
t y
y∆ t
)
∈ g′. Then
γ(α(χ), Y ) = (x,∆)F (y,∆)F γF (∆, ψ)
Proof. By Definition (10.5), we have
γ(ψ ◦Q(α(χ),Y )) = hF (Q(α(χ),Y ))γF (ψ)nγF (det(Q(α(χ),Y )), ψ)
In our case, n = 2, and we also have that by Lemma (10.6),
hF (Q(α(χ),Y )) = (4xy∆,−4xy∆2)F = (∆,−xy)F
Then, Lemmas (10.4) and (5.10) imply that
γF (ψ)
2 = γF (−1, ψ)−1 and
γF (det(Q(α(χ),Y )), ψ) = γF (−16x2y2∆3, ψ) = γF (−∆, ψ)
Thus, by Lemma (10.4),
γ(ψ ◦Q(α(χ),Y )) = (∆,−xy)F γF (−1, ψ)−1γF (−∆, ψ) =
(∆,−xy)F γF (∆, ψ)(−1,∆)F = (x,∆)(y,∆)γF (∆, ψ)
Definition 5.12. Let (E/F, χ) be a regular pair such that χ has positive level. Associated to
(E/F, χ) is an element α(χ) (from Section (4.3)) and a supercuspidal representation π := πχ
via Theorem (4.4). Now, α(χ) ∈ E∗, so α(χ) = a + xχδ for some a, xχ ∈ F . Let deg(π) de-
note the formal degree of π. Let ∆+ be a choice of a positive root of GL(2, F ) with respect
to the diagonal maximal torus T (F ). Define ǫ(∆+) to be 1 if ∆+ is the standard positive root
and define ǫ(∆+) to be τo(−1) if ∆+ is the opposite root. Then, we define ǫ(χ˜,∆+, τ) :=
deg(π)(xχ,∆)γF (∆, ψ)τo(2δ)cψ(g
′)c−1ψ (g)|η(α(χ))|−
1
2 ǫ(∆+), where cψ(g
′), cψ(g), and η(α(χ)) are
defined in [9, Chapter 5].
In the calculations we will make throughout the rest of this chapter and the next, we will make
a choice of ∆+ to be the standard set of positive roots. Therefore, the term ǫ(∆+) is just 1, and
so this term will not appear in most of our calculations and formulas. We will show later that all
of our results will be independent of the choice of ∆+.
5.3 On certain decompositions associated to elements of E∗
We need to understand the sets n(γ) = 0 and 0 < n(γ) ≤ r/2 (see Theorem (5.8)). We recall some
relevant notions and definitions from [9, Section 5.3, Section 3.2]. In general, we define a filtration
on E∗ by setting G′t := 1 + p
pteq
E for t > 0, where e is the ramification index of E over F and
G′ := E∗. We also define G′t+ :=
⋃
s>tG
′
s for t > 0. We let Z(G) denote the center of GL(2, F ).
Definition 5.13. Let w ∈ Z(G)G′0+ . Then n(w) is defined by w ∈ Z(G)G′n(w) \Z(G)G′n(w)+ . The
decomposition of w by definition is the rewriting of w in the form w = ab where a ∈ Z(G), b ∈ G′n(w)
and such that w is not in Z(G)G′n(w)+ .
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Definition 5.14. If w is not in Z(G)G′0+ = F
∗(1 + pE), then define n(w) = 0.
We first deal with the situation where E/F is ramified. Assume E = F (
√
p). The analogous
results hold for E = F (
√
dp) with the same proofs, where d ∈ o∗F is not a square. Note that we
are not interested in the case where w ∈ F ∗, since distribution characters are only defined on the
regular set.
Lemma 5.15. Let w = pnu + pmvδ ∈ E∗, where u, v ∈ o∗F , and n,m ∈ Z such that n ≤ m. We
can rewrite w as
w = pnu
(
1 + pm−n+
1
2
v
u
)
Thus, w ∈ F ∗U2m−2n+1E . Moreover, w is not in F ∗U2m−2n+2E . Therefore, the decomposition of w is
w = pnu
(
1 + pm−n+
1
2
v
u
)
= pnu
(
1 +
√
p2m−2n+1
v
u
)
Proof. Suppose by way of contradiction that w = x(1 + s(
√
p)2m−2n+2), s ∈ UE, x ∈ F ∗. So
pnu(1 + v′pm−n+1/2) = x(1 + spm−n+1), where v′ = vu . Then
x−1pnu(1 + v′pm−n+1/2) = 1 + spm−n+1
Well, x ∈ F ∗ is arbitrary, therefore x−1pnu ∈ F ∗ is arbitrary, so the proof of the Lemma reduces
to showing that there is no y ∈ F ∗ such that y(1 + v′pm−n+1/2) = 1 + spm−n+1. By way of
contradiction, suppose such a y existed. We consider power series expansions of various elements.
Let y = pk(y0 + y1p + ...), where k ∈ Z, y0 6= 0, let v′ = v′0 + v′1p + ..., where v′0 6= 0, and let
s = s0 + s1
√
p+ ..., where s0 6= 0. Then we have
pk(y0 + y1p+ ...)(1 + (v
′
0 + v
′
1p+ ...)p
m−n+1/2) = 1 + (s0 + s1
√
p+ ...)pm−n+1
Comparing leading coefficients, this implies that k = 0 and y0 = 1. Therefore,
(1 + y1p+ ...)(1 + v
′
0p
m−n+1/2 + v′1p
m−n+3/2 + ...) = 1 + (s0 + s1
√
p+ ...)pm−n+1
But, expanding the left hand side, we see that
(1 + y1p+ ...)(1 + v
′
0p
m−n+1/2 + v′1p
m−n+3/2 + ...) = 1 + v′0p
m−n+1/2 + y1p+ ...
On the other hand, 1 + (s0 + s1
√
p + ...)pm−n+1 does not have a pm−n+1/2 term, and this implies
that v′0 = 0. But v
′ is a unit, so we have a contradiction.
Lemma 5.16. (1)Let w = pnu+ pmvδ ∈ E∗ where u = 0 and v 6= 0. Then n(w) = 0.
(2)Let w = pnu+ pmvδ ∈ E∗, where u, v 6= 0, n,m ∈ Z such that n > m. Then n(w) = 0.
Proof. The proofs are similar as in the previous Lemma.
We now describe the decomposition of elements of E∗ when E/F is unramified.
Lemma 5.17. Let w = pnu+pmvδ ∈ E∗, where u, v ∈ F both non zero, n,m ∈ Z such that n < m.
We can rewrite w as
w = pnu
(
1 + pm−n
δv
u
)
Thus, w ∈ F ∗Um−nE , so n(w) > 0. Moreover, w is not in F ∗Um−n+1E . Therefore, the decomposition
of w is
w = pnu
(
1 + pm−n
δv
u
)
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Proof. The proof is similar as in the ramified case.
Lemma 5.18. (1) Let w = pnu+ pmvδ ∈ E∗, where u = 0 and v 6= 0. Then n(w) = 0.
(2) Let w = pnu+ pmvδ ∈ E∗, where u, v 6= 0 and n = m. Then n(w) = 0.
(3) Let w = pnu+ pmvδ ∈ E∗, where u, v 6= 0 and n > m. Then n(w) = 0.
Proof. The proofs are similar.
5.4 On the proof that our character formulas agree with positive depth super-
cuspidal characters
Here we prove that on the range {z ∈ T (F )reg : 0 ≤ n(z) ≤ r/2}, our conjectured character formula
agrees with the character of a specific positive depth supercuspidal representation of GL(2, F ), and
this supercuspidal is the one given by the local Langlands correspondence. Note again that when
we study the ranges {w ∈ E∗ : 0 ≤ n(w) ≤ r/2}, we do not consider elements w ∈ F ∗ since
distribution characters are only defined on the regular set.
In the remainder of the chapter and the next, we will deal exclusively with GL(2, F ), and so
we set T (F ) = E∗. Recall from Section (5.1) that our proposed character formula simplifies to
F (χ˜)(w) = ǫ(χ˜,∆+, τ)
χ(w) + (−1,∆)χ(w)
τo(w − w)|D(w)|1/2
, w ∈ T (F )reg
It will be useful for computational purposes to rewrite this formula as
F (χ˜)(w) = ǫ(χ˜,∆+, w)
χ(w) + (−1,∆)χ(w)
τo(
w−w
2δ )
, w ∈ T (F )reg
where ǫ(χ˜,∆+, w) := deg(π)(xχ,∆)F γ(∆, ψ)C and C := cψ(g
′)c−1ψ (g)|D(γ)|−1/2|η(α(χ))|−1/2 is as
in Section (5.2). We will use this rewritten version for the rest of Chapter 5. Note that F (χ˜) is
independent of the choice of τ because w−w2δ ∈ F ∗, and we have required only that τo|F ∗ = ℵE/F .
We will start by assuming that all of our regular pairs (E/F, χ) are minimal (see Section (4.1)),
and then we will show that there is no harm in assuming this, and that all of our results are true
for arbitrary regular pairs.
First we consider the case that E/F is ramified, so we may take E = F (
√
p) without loss of
generality. The same proofs work in the case E = F (
√
dp), where d ∈ o∗F is not a square. We must
first conduct a careful analysis of the supercuspidal characters in the 0 < n(w) ≤ r/2 range. Recall
that on the regular set, n(w) > 0 if and only if w = pnu+ pmvδ where n ≤ m.
Lemma 5.19. γ(α(χ), Y ) = (xχ,∆)F γ(∆, ψ)µ(
w−w
2δ )µ(w) ∀w ∈ E∗ : n(w) > 0 for any character
µ of E∗ and whose restriction to F ∗ is ℵE/F and whose order is a power of 2. Similarly,
γ(α(χ), sY ) = (xχ,∆)F γ(∆, ψ)µ(
w−w
2δ )µ(w) ∀w ∈ E∗ : n(w) > 0 where 1 6= s ∈ W =
W (G(F ), T (F )).
Proof. Recall that if α(χ), Y embed in g′ as α(χ) =
(
a xχ
xχ∆ a
)
and Y =
(
t y
y∆ t
)
, then
γ(α(χ), Y ) = (xχ,∆)F (y,∆)F γF (∆, ψ)
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If w = m + nδ ∈ E∗ where m,n ∈ F ∗, and n(w) > 0, then the decomposition of w is w =
m(1 + n/mδ). Thus, since (n/m,∆) = (n,∆)(m,∆), and since m = w+w2 and n =
w−w
2δ , we have
that
γ(α(χ), Y ) = (xχ,∆)F γ(∆, ψ)µ
(
w − w
2δ
)
µ
(
w + w
2
)
Now, µ(w+w2 ) = µ(w)µ(
1
2 (1 + w/w)), but since n(w) > 0, we have w ∈ F ∗U1E , so w/w ⊂ U1E. So
1
2(1 + w/w) ∈ U1E , and therefore µ(12(1 + w/w)) = 1 by Lemma (10.1).
Therefore, we can simplify the supercuspidal characters in the 0 < n(w) ≤ r/2 range to
θπ(w) = ǫ(χ˜,∆
+, w)
φ(w)µ(w) + (−1,∆)φ(w)µ(w)
µ(w−w2δ )
∀w ∈ E∗ : 0 < n(w) ≤ r/2
where µ is any character of E∗ whose restriction to F ∗ is ℵE/F and whose order is a power of 2.
We have therefore proven the following proposition.
Proposition 5.20. F (χ˜) agrees with the character of the supercuspidal representation πχµ−1 in the
0 < n(w) ≤ r/2 range, where µ is any character of E∗ whose restriction to F ∗ is ℵE/F and whose
order is a power of 2.
We will need to investigate the n(w) = 0 range to see which such characters µ can arise, if any.
We will show that our conjectured formula agrees with a supercuspidal character in the n(w) = 0
range, for a unique µ. We will also show that µ = ∆−1χ , and so φ = χ∆χ.
Lemma 5.21.
F (χ˜)(w) = ǫ(χ˜,∆+, w) (χ(w)Ω(
w
δ
) + χ(w)Ω(
w
δ
)) ∀w ∈ E∗ : n(w) = 0
for any character Ω of E∗ whose restriction to F ∗ is ℵE/F and whose order is a power of 2.
Proof. Recall that n(w) = 0 if and only if either
i) w = pnu+ pmvδ, where u, v are both nonzero, n > m, or
ii) w = pmvδ, where v is nonzero.
In case (i), wδ = p
mv+pn uδ = p
mv(1+pn−m uvδ ). Note that 1+p
n−m u
vδ ∈ U1E . Ω is trivial on U1E by
Lemma 10.1, and thus we have that Ω(wδ ) = Ω(p
mv(1+pn−m uvδ )) = Ω(p
mv) = Ω(w−w2δ ) = τo(
w−w
2δ ).
In case (ii), it’s clear that Ω(wδ ) = Ω(
w−w
2δ ) = τo(
w−w
2δ ). Therefore, we get that
τo(
w − w
2δ
) = Ω(
w
δ
) ∀w ∈ E∗ : n(w) = 0.
Thus, since τo(−1) = (−1,∆), F (χ˜) simplifies in the n(w) = 0 range to
F (χ˜)(w) = ǫ(χ˜,∆+, w)
χ(w) + (−1,∆)χ(w)
τo(
w−w
2δ )
=
ǫ(χ˜,∆+, w) (χ(w)Ω(
w
δ
) + χ(w)Ω(
w
δ
)) ∀w ∈ E∗ : n(w) = 0
Lemma 5.22. F (χ˜)(w) = θπ(w) ∀w ∈ E∗ : n(w) = 0, for φ = χµ−1, for some character µ of
E∗ whose restriction to F ∗ is ℵE/F and whose order is a power of 2. In particular, F (χ˜)(w) =
θπ(w) ∀w ∈ E∗ : n(w) = 0 for φ = χ∆χ.
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Proof. Since E/F is ramified, λ(σ) = 1. Unwinding the definitions, one can see that to prove the
lemma, it suffices to show that Ω(δ) = (xχ,∆)F γ(∆, ψ)Ω(w)µ(w). If we let Ω = µ
−1, then we are
reduced to showing that there is some character µ of E∗ whose restriction to F ∗ was ℵE/F , and
whose order is a power of 2, such that µ−1(δ) = (xχ,∆)F γ(∆, ψ). We claim that µ := ∆
−1
χ is such
a character.
So we want to show that ∆χ(δ) = (xχ,∆)F γ(∆, ψ). We need to investigate the term α(φ).
Note that α(φ) = α(χ) since µ|1+pE ≡ 1. We prefer to work with α(χ). Firstly, since E/F is
ramified, χ has odd level n = 2m + 1 [5, Chapter 19]. We also have α(χ) ∈ p−nE (cf Section 4.3).
So let α(χ) = pku + pℓvδ. The fact that n is odd clearly implies that ℓ < k. Therefore, rewriting
α(χ) as α(χ) = pℓ
√
p(v + pk−ℓ−1/2u), we get ℵE/F (ζ(α(χ),̟)) = (v0,∆) where v0 is the leading
term of the power series expansion of v. But (v0,∆) = (v,∆). Moreover, α(χ) ∈ p−nE implies
that −n = 2ℓ + 1. Then, by definition of xχ, we get that xχ = pℓv. Now, by definition of ∆χ,
we have ∆χ(δ) = (v,∆)λE/F (ψ)
n and we wish to show that this is equal to (xχ,∆)γ(∆, ψ) =
(pℓv,∆)γ(∆, ψ). Cancelling out terms, we want to show that (pℓ,∆)γ(∆, ψ) = λE/F (ψ)
−2ℓ−1 since
−n = 2ℓ+ 1. Well, we know that
λE/F (ψ)
−2ℓ = (−1)ℓ
(cf [5, page 217]) Thus we are reduced to showing that λE/F (ψ) = γ(∆, ψ)
−1 since (p,∆) = −1.
But we prove this in Section (5.7).
Therefore, we have proven the following, when E/F is ramified.
Theorem 5.23. F (χ˜) agrees with the character of the supercuspidal representation πχ∆χ on the
range {w ∈ E∗ : 0 ≤ n(w) ≤ r/2}.
What we have actually proven is that if (E/F, χ) is a minimal regular pair with E/F ramified
and χ having positive level, then F (χ˜) agrees with the character of the supercuspidal representation
πχ∆χ on the range {w ∈ E∗ : 0 ≤ n(w) ≤ r/2}. To prove this for an arbitrary regular pair follows
from this. For if (E/F, χ) is an arbitrary regular pair, then there exists a minimal regular pair
(E/F, χ′) such that χ = χ′φE where φE = φ ◦ NE/F for some φ ∈ F̂ ∗. Moreover, πχ = φπχ′
by definition. We proved above that F (χ˜′) = θπχ′∆
χ′
on the range {w ∈ E∗ : 0 ≤ n(w) ≤ r/2}.
Therefore, θπχ∆χ (w) = θπχ′φE∆χ′φE
(w) = θπχ′φE∆χ′
(w) = φE(w)θπχ′∆
χ′
(w) = φE(w)F (χ˜′)(w) =
F (χ˜′φE)(w) = F (χ˜)(w) on the range {w ∈ E∗ : 0 ≤ n(w) ≤ r/2}.
Now we consider the case E/F is unramified, so δ =
√
∆, where ∆ ∈ o∗F is not a square. Note
that (−1,∆) = 1 since E/F is unramified.
We again first conduct a careful analysis of the supercuspidal characters evaluated on the
range {w ∈ E∗ : 0 < n(w) ≤ r/2}. Recall that on the regular set, n(w) > 0 if and only if
w = pnu+ pmvδ, u, v ∈ o∗F where n < m.
Proposition 5.24. F (χ˜) agrees with the character of the supercuspidal representation πχµ−1 in the
0 < n(w) ≤ r/2 range, where µ is any character of E∗ whose restriction to F ∗ is ℵE/F and whose
order is a power of 2.
Proof. Again we claim that
γ(α(χ), Y ) = (xχ,∆)F γ(∆, ψ)µ(
w − w
2δ
)µ(w)
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γ(α(χ), sY ) = (xχ,∆)F γ(∆, ψ)µ(
w − w
2δ
)µ(w)
where 1 6= s ∈ W = Aut(E/F ) and α(χ) = a + xχδ, for a, xχ ∈ F . The reasoning is similar as in
Lemma (5.19). One must prove that µ(w+w2 ) = µ(w) ∀w ∈ E∗ : n(w) > 0. This is elementary.
Thus, the supercuspidal character on the 0 < n(w) ≤ r/2 range simplifies to
θπ(w) = ǫ(χ˜,∆
+, w)
φ(w)µ(w) + (−1,∆)φ(w)µ(w)
µ(w−w2δ )
∀w ∈ E∗ : 0 < n(w) ≤ r/2.
The above analysis shows F (χ˜)(w) = θπ(w) ∀w ∈ E∗ : 0 < n(w) < r/2 where φ = χµ−1 for any
character µ of E∗ whose restriction to F ∗ is ℵE/F and whose order is a power of 2.
We will need to investigate the n(w) = 0 range to see which such characters µ can arise, if any.
We will show that our conjectured formula agrees with a supercuspidal character in the n(w) = 0
range, for a unique µ. We will also show that µ = ∆−1χ , and so φ = χ∆χ.
Lemma 5.25.
F (χ˜)(w) = ǫ(χ˜,∆+, w) (χ(w)Ω(
w
δ
) + χ(w)Ω(
w
δ
)) ∀w ∈ E∗ : n(w) = 0
for the unique unramified character Ω of E∗ whose restriction to F ∗ is ℵE/F .
Proof. Recall that n(w) = 0 if and only if either
i) w = pnu+ pmvδ, where u, v are both nonzero, n > m, or
ii) w = pmvδ, where v is nonzero.
iii) w = pnu+ pmvδ, where n = m and u, v are both non-zero.
We first show that τo(
w−w
2δ ) = Ω(
w
δ ) ∀w ∈ E∗ : n(w) = 0. In case (i), wδ = pmv + pn uδ =
pmv(1+pn−m uvδ ). Note that 1+p
n−m u
vδ ∈ U1E. But Ω is trivial on U1E by Lemma (10.1). Therefore,
we have Ω(wδ ) = Ω(p
mv(1 + pn−m uvδ )) = Ω(p
mv) = Ω(w−w2δ ) = τo(
w−w
2δ ). In case (ii), it’s clear that
Ω(wδ ) = Ω(
w−w
2δ ) = τo(
w−w
2δ ). In case (iii), w = p
n(u + vδ). But u + vδ ∈ o∗E , and therefore
Ω(w) = Ω(pn)Ω(u+ vδ) = Ω(pn) = Ω(pnv) since Ω is unramified. In particular, since Ω(δ) = 1, we
get Ω(wδ ) = τo(
w−w
2δ ). Therefore,
τo(
w − w
2δ
) = Ω(
w
δ
) ∀w ∈ E∗ : n(w) = 0.
Since τo(−1) = (−1,∆) = 1, F (χ˜) simplifies in the n(w) = 0 range.
F (χ˜)(z) = ǫ(χ˜,∆+, w)
χ(w) + χ(w)
τo(
w−w
2δ )
= ǫ(χ˜,∆+, w) (χ(w)τo(
w − w
2δ
) + χ(w)τo(
w − w
2δ
)) =
ǫ(χ˜,∆+, w) (χ(w)Ω(
w
δ
) + χ(w)Ω(
w
δ
)) ∀w ∈ E∗ : n(w) = 0
We want to show that F (χ˜)(w) = θπ(w) ∀w ∈ E∗ : n(w) = 0 for φ = χµ−1 for some character
µ of E∗ whose restriction to F ∗ is ℵE/F and whose order is a power of 2. Note that Ω(δ) = 1 since
Ω is unramified. Unwinding the definitions, one can see that to prove F (χ˜)(w) = θπ(w) ∀w ∈ E∗ :
n(w) = 0 for φ = χµ−1, it suffices to show that
(xχ,∆)γ(∆, ψ)χ(w)Ω(w) = χ(w)µ
−1(w)λ(σ) ∀w ∈ E∗ : n(w) = 0
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Lemma 5.26. λ(σ) = (xχ,∆)F γ(∆, ψ).
Proof. Unwinding the definition of λ(σ) (cf [9, Section 5.3]), one can see that since E/F is unrami-
fied, then λ(σ) = (−1)r+1 where r is the depth of the supercuspidal representation πφ via Theorem
(4.4). Note that the depth of πφ equals the depth of πχ since µ|1+pE ≡ 1, i.e. µ has level zero.
Now, consider the term (xχ,∆). We need to investigate the term α(φ). Note that α(φ) = α(χ)
since again, µ|1+pE ≡ 1. We prefer to work with α(χ). Recall that α(χ) ∈ p−nE . Moreover, since
α(χ) ∈ g′−r \ g′−r+ (cf [9, page 34]), we have that n = r. Now let α(χ) = pku + plvδ. We need a
lemma.
Lemma 5.27. l = −n.
Proof. Since (E/F, χ) is a minimal regular pair (cf [5, Section 19.2 line 1]), we have that α(χ) is a
minimal element over F (see [5, Proposition 18.2]). By [5, Section 13.4], α(χ) is minimal over F
if and only if (α(χ) + p−n+1E )
⋂
F = ∅, where n = −vE(α(χ)), where vE denotes valuation. Recall
that α(χ) ∈ p−nE \ p−n+1E . It is not difficult to show that if l 6= −n, then (α(χ) + p−n+1E )
⋂
F 6= ∅, a
contradiction, and so the lemma is proven.
Returning to the proof of the proposition, recall that xχ = p
lv. Thus, (xχ,∆) = (p
−nv,∆).
Also, since r = n, we have λ(σ) = (−1)r+1 = (−1)n+1. Therefore, we are reduced to showing that
(p−nv,∆)γ(∆, ψ) = (−1)n+1
so equivalently, γ(∆, ψ) = −1. But since ψ has level 1, it is a fact that γ(∆, ψ) = −1 (we will show
this in Section (5.7)).
Proposition 5.28. F (χ˜)(w) = θπ(w) ∀w ∈ E∗ : n(w) = 0, for φ = χµ−1, for some character µ
of E∗ whose restriction to F ∗ is ℵE/F and whose order is a power of 2. In particular, F (χ˜)(w) =
θπ(w) ∀w ∈ E∗ : n(w) = 0 for φ = χ∆χ.
Proof. By the previous lemma, the conjectured equation
(xχ,∆)γ(∆, ψ)χ(w)Ω(w) = χ(w)µ
−1(w)λ(σ) ∀w ∈ E∗ : n(w) = 0
simplifies to Ω(w) = µ−1(w) ∀w ∈ E∗ : n(w) = 0. But recall that µ is a character of E∗ whose
restriction to F ∗ is ℵE/F and whose order is a power of 2. There is only one character µ of E∗
whose restriction to F ∗ is ℵE/F , whose order is a power of 2, and that equals Ω−1 on the n(w) = 0
range. Indeed, this forces µ−1 = ∆χ = ∆
−1
χ .
Therefore, we have proven the following, when E/F is unramified.
Theorem 5.29. F (χ˜) agrees with the character of the supercuspidal representation πχ∆χ on the
range {w ∈ E∗ : 0 ≤ n(w) ≤ r/2}.
Again, we have assumed at various points that our regular pairs are minimal. However, our
results hold without this assumption for the same reason as in the case of E/F ramified.
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5.5 On whether there are two positive depth character formulas coming from
the same Cartan
In the next two sections we show that a positive depth supercuspidal representation of GL(2, F ) is
uniquely determined by the restriction of its distribution character to the n(w) = 0 range. In this
section, we show that if the distribution characters of two positive depth supercuspidal represen-
tations, both coming from the same Cartan, agree on the n(w) = 0 range, then the supercuspidal
representations are isomorphic. That is, we prove the following theorem.
Theorem 5.30. Suppose (E/F, χ1) and (E/F, χ2) are admissible pairs such that F (χ˜1)(w) =
F (χ˜2)(w) ∀w ∈ E∗ : n(w) = 0. Then, χ1 = χυ2 for some υ ∈ Aut(E/F ).
We wish to make the following important note. Recall that in the previous sections, we con-
structed a character formula F (χ˜) from a regular pair (E/F, χ). The above theorem and Theorem
(5.33) will together prove that a positive depth supercuspidal representation of GL(2, F ) is uniquely
determined by its restriction of its distribution character to the n(w) = 0 range. We are claiming
in the above theorem and in Theorem (5.33) that it is sufficient to consider admissible pairs rather
than regular pairs in order to prove that a positive depth supercuspidal representation of GL(2, F )
is uniquely determined by its restriction of its distribution character to the n(w) = 0 range. This
is because the positive depth supercuspidal representations of GL(2, F ) are parameterized by ad-
missible pairs, and so it is sufficient to consider just admissible pairs.
Lemma 5.31. Let E/F be ramified. Suppose (E/F, χ1) and (E/F, χ2) are admissible pairs such
that F (χ˜1)(w) = F (χ˜2)(w) ∀w ∈ E∗ : n(w) = 0. Then, χ1 = χυ2 for some υ ∈ Aut(E/F ).
Proof. We may assume without loss of generality that E = F (
√
p). We have assumed that
ǫ(χ˜1,∆
+, w)
χ1(w) + (−1,∆)χ1(w)
τo(
w−w
2δ )
= ǫ(χ˜2,∆
+, w)
χ2(w) + (−1,∆)χ2(w)
τo(
w−w
2δ )
∀w ∈ E∗ : n(w) = 0
Let us write deg(πi) for the deg(π) that are associated to the pairs (E/F, χi). Now, let ci =
deg(πi)(xχi ,∆)|η(α(χi))|−1/2. Then, cancelling out like terms, we have that
c1(χ1(w) + (−1,∆)χ1(w)) = c2(χ2(w) + (−1,∆)χ2(w)) ∀w ∈ E∗ : n(w) = 0
Then the same proof of [21, Lemma 5.1] shows that χ1|F ∗(1+pE) = χυ2 |F ∗(1+pE) for some υ ∈
Aut(E/F ). For the following arguments, it suffices without loss of generality to assume υ = 1.
Let c := c1c2 . Let [χ](w) := χ(w) + (−1,∆)χ(w). Then we have c[χ1](w) = [χ2](w) ∀w ∈
E∗ \ F ∗(1 + pE) and we also have that χ1|F ∗(1+pE) = χ2|F ∗(1+pE). Now let pE be a uniformizer of
E and recall that p is a uniformizer of F . We may take pE so that p
2
E = p. Since χ1(p) = χ2(p),
we have that χ1(pE)
2 = χ2(pE)
2, and so χ2(pE) = ξ2χ1(pE) where ξ2 could be plus or minus 1.
Therefore, χ2(w) = χ1(w)ξ
val(w)
2 ∀w ∈ E∗, where val(w) denotes the E-adic valuation of w ∈ E∗.
Therefore, after substituting and noting that val(w) = val(υ(w)), we obtain
c[χ1](w) = ξ
val(w)
2 [χ1](w) ∀w ∈ E∗ \ F ∗(1 + pE)
We will prove in the next section that there exists a w′ ∈ E∗ \ F ∗(1 + pE) such that [χ1](w′) 6= 0.
Therefore, we can cancel [χ1](w
′) from both sides to obtain
c = ξ
val(w′)
2
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Therefore, c is plus or minus 1.
Suppose that c = 1. Then, we get [χ1](w) = [χ2](w) ∀w ∈ E∗. By linear independence of
characters, χ1 = χ2.
Suppose c = −1. Then χ2(w) = χ1(w)(−1)val(w) . This implies that χ2 = χ1 ⊗ φE , where
φE := φ ◦ NE/F where φ = ℵL/F where L/F is the unique unramified degree 2 extension of F .
In this case, one can check that α(χ1) = α(χ2). Therefore, c =
deg(π1)
deg(π2)
. But formal degrees are
positive real numbers, and so we get a contradiction to the supposition that c = −1.
Therefore, χ1 = χ2 or χ1 = χ
υ
2 , and so the admissible pairs are isomorphic.
Lemma 5.32. Let E/F be unramified. Suppose (E/F, χ1) and (E/F, χ2) are admissible pairs such
that F (χ˜1)(w) = F (χ˜2)(w) ∀w ∈ E∗ : n(w) = 0. Then, χ1 = χυ2 for some υ ∈ Aut(E/F ).
Proof. See [21, page 16].
5.6 On whether there are two positive depth character formulas coming from
different Cartans
In this section we show that the distribution characters of two positive depth supercuspidal repre-
sentations, coming from different Cartans, can’t agree on the n(w) = 0 range. This, together with
the results from the previous section, shows that if (E/F, χ) is an admissible pair, then there is a
unique positive depth supercuspidal representation whose character agrees with F (χ˜) on the range
{w ∈ E∗ : n(w) = 0 }.
Theorem 5.33. Suppose (E/F, χ) and (E1/F, χ1) are admissible pairs with E ≇ E1. Then ∃w ∈
E∗ : n(w) = 0 such that F (χ˜)(w) 6= θπχ1∆χ1 (w).
Let E = F (
√
∆E) and E1 = F (
√
∆E1). There are many cases to check, and we split them up
in a sequence of propositions.
Proposition 5.34. Suppose (E/F, χ) and (E1/F, χ1) are admissible pairs with E ramified and E1
unramified. Then ∃w ∈ E∗ : n(w) = 0 such that F (χ˜)(w) 6= θπχ1∆χ1 (w).
Proof. By comparing valuations of determinants of elements, one can show that since the inducing
representation of the representation coming from E1 is E
∗
1Gx,r/2 (see [9, page 34-35]), then if
w ∈ E∗ : n(w) = 0, then one can’t conjugate w into E∗1Gx,r/2 (note that if two elements are
conjugate, then they have the same determinant). Therefore, θπχ1∆χ1
(w) = 0. We now need to
consider two subcases.
Subcase (a): Suppose (−1,∆E) = −1. We suppose by way of contradiction that F (χ˜)(w) =
0 ∀w ∈ E∗ : n(w) = 0. This implies that χ(w) + (−1,∆E)χ(w) = 0 ∀w ∈ E∗ : n(w) = 0. Since
(−1,∆E) = −1, we have χ(w) = χ(w) ∀w ∈ E∗ : n(w) = 0. But since E∗ is generated as a group
by the set {w ∈ E∗ : n(w) = 0}, we get χ(w) = χ(w) ∀w ∈ E∗, which contradicts the fact that
(E/F, χ) is an admissible pair.
Subcase (b): Suppose (−1,∆E) = 1, and suppose again by way of contradiction that F (χ˜)(w) =
0 ∀w ∈ E∗ : n(w) = 0. Then χ(w) + χ(w) = 0 ∀w ∈ E∗ : n(w) = 0. Thus, χ(w/w) = −1 ∀w ∈
E∗ : n(w) = 0, so χ(w/w)2 = 1 for all w ∈ E∗ : n(w) = 0. But since the set {w ∈ E∗ : n(w) = 0}
generates all of E∗ as a group, we get that χ|(E∗)2 = χυ|(E∗)2 . Now since U1E ⊂ (E∗)2 by Lemma
(10.2), we get χ|U1
E
= χυ|U1
E
, which contradicts the fact that (E/F, χ) is an admissible pair.
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Proposition 5.35. Suppose (E/F, χ) and (E1/F, χ1) are admissible pairs with E ≇ E1, with E
unramified and E1 ramified. Then ∃w ∈ E∗ : n(w) = 0 such that F (χ˜)(w) 6= θπχ1∆χ1 (w).
We will need to split this proposition into two cases: (−1, p) = 1 and (−1, p) = −1. We have
E = F (
√
∆), where ∆ ∈ o∗F is not a square, and without loss of generality E1 = F (
√
p).
Lemma 5.36. Suppose (−1, p) = 1. Suppose (E/F, χ) and (E1/F, χ1) are admissible pairs with
E ≇ E1, with E unramified and E1 ramified. Then ∃w ∈ E∗ : n(w) = 0 such that F (χ˜)(w) 6=
θπχ1∆χ1
(w).
Proof. We use the same strategy as in Proposition (5.34). Recall that w ∈ E∗ : n(w) = 0 if and
only if (i) w = pmvδ, (ii) w = pnu+ pmvδ, n = m, or (iii) w = pnu+ pmvδ, n > m
By comparing determinants again, one can show that if w is of the form (i) or (iii), then w can’t
be conjugated into E∗1Gx,r/2 (see [9, page 34-35]). Therefore, θπχ1∆χ1
(w) = 0 for all w of the form
(i) and (iii). Now assume that F (χ˜)(w) = 0 for all w of the form (i) and (iii). Therefore, since
(−1,∆) = 1, χ(w) + χ(w) = 0 for all w of the form (i) and (iii). We need the following lemma.
Lemma 5.37. χ|F ∗U1
E
= χυ|F ∗U1
E
, where υ generates Aut(E/F ).
Proof. Let z ∈ U1E . It is easy to see that one can write z = w1w2, where w1 is of the form (i) and
w2 is of the form (iii). Now, since F (χ˜)(w) = 0 on all w of the form (i) and (iii), we have
χ(w1) + χ(w1) = 0
χ(w2) + χ(w2) = 0
Multiplying the first equation by χ(w2) and the second equation by χ(w1), we conclude that
χ(w2w1) = χ(w1w2)
Therefore, χ(z) = χ(z) ∀z ∈ U1E. Since χ(x) = χ(x) ∀x ∈ F ∗, we get χ|F ∗U1E = χ
υ|F ∗U1
E
.
We need the following lemma, which we shall not prove, as it is not difficult.
Lemma 5.38. Every element b of the form (ii) can be written as a product ac, where a is either
an element of the form (i) or (iii), and c is an element of F ∗U1E.
Because of lemma (5.38), we have that if b is of the form (ii), then if we write b = ac as in
Lemma (5.38), then χ(b) + χ(b) = χ(ac) + χ(ac) = χ(a)χ(c) + χ(a)χ(c) = χ(a)χ(c) + χ(a)χ(c) by
Lemma (5.37). Thus, χ(b) + χ(b) = χ(c)(χ(a) + χ(a)). But we assumed that χ(a) + χ(a) = 0 for
all elements a of the form (i) and of the form (iii). Thus, F (χ˜)(b) = 0 for all w in of the form (ii).
Thus, F (χ˜)(w) = 0 ∀w ∈ E∗ : n(w) = 0.
Recall that we also have that χ|F ∗U1
E
= χυ|F ∗U1
E
where 1 6= υ ∈ Aut(E/F ). By a similar
argument as in the proof of Lemma (5.37), we have that since F (χ˜)(w) = 0 ∀w ∈ E∗ : n(w) = 0,
then χ(w1w2) = χ(w1w2) ∀w1, w2 ∈ E∗ : n(w1) = n(w2) = 0. Now, if w1 is in of the form (i)
and w2 is in of the form (ii), then w1w2 is of the form (ii). This shows that χ(z) = χ(z) for some
element z of the form (ii). But notice that the group generated by U1E , F
∗, and any single element
in of the form (ii) is all of E∗. Thus, we get that χ = χυ on all of E∗, and therefore (E/F, χ) is
not an admissible pair. Finally, we are done with proving Lemma (5.36).
Lemma 5.39. Suppose (−1, p) = −1. Suppose (E/F, χ) and (E1/F, χ1) are admissible pairs with
E unramified and E1 ramified. Then ∃w ∈ E∗ : n(w) = 0 such that F (χ˜)(w) 6= θπχ1∆χ1 (w).
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Proof. Recall again that w ∈ E∗ : n(w) = 0 if and only if
(i) w = pmvδ
(ii) w = pnu+ pmvδ, n = m, or
(iii) w = pnu+ pmvδ, n > m.
We want to show like in Lemma (5.36) that any character formula θπχ1∆χ1
vanishes on elements
of the form (i) and (iii). After showing this, rest of the proof of Lemma (5.39) goes exactly the
same way as in Lemma (5.36). Well, the values on the ramified torus E1 of the character formula of
a supercuspidal representation coming from an admissible pair (E1/F, χ1) can be computed using
[20, Proposition 2, Proposition (5.34), ℓ > 0, p. 101]. This formula shows that θπχ1∆χ1
(w) = 0 for
all w ∈ E∗ such that w is of the form (i) and (iii).
Therefore, we have finished the proof of Proposition (5.35).
Proposition 5.40. Suppose (E/F, χ) and (E1/F, χ1) are admissible pairs with E ≇ E1, with E
ramified and E1 ramified. Then ∃w ∈ E∗ : n(w) = 0 such that F (χ˜)(w) 6= θπχ1∆χ1 (w).
Proof. Suppose without loss of generality that E = F (
√
p) and E1 = F (
√
∆p), ∆ ∈ o∗F not a
square. The proof for the case where E = F (
√
∆p) and E = F (
√
p) is similar. We first claim that
elements w ∈ E∗ such that n(w) = 0 can’t be conjugated into E∗1Gx,r/2 (see [9, page 34-35]).
Recall that w ∈ E∗ such that n(w) = 0 if and only if either w = pnu + pmv√p with n >
m, u, v 6= 0, or w = pmv√p with v 6= 0. Suppose w = pmv√p. Then det(w) = N(w) =
−p2m+1v2. Recall that det(E∗1Gx,r/2) ⊂ NE1/F (E∗1). Well, (det(w),∆p) = (−p2m+1v2,∆p) =
(−p,∆p) = (−1,∆p)(p,∆p) = (∆p,∆p)(p,∆p) = (∆p2,∆p) = (∆,∆p) = (∆,∆)(∆, p) = (∆, p) =
−1. Therefore, det(w) can’t be a norm from E1. Suppose w = pnu + pmv√p with n > m, v 6= 0.
Then the same method of proof works as above to show that w can’t be conjugated into E∗1Gx,r/2,
but the calculation is more tedious. We omit the details. The rest of the proof follows as in subcases
(a) and (b) from Proposition (5.34) above.
We have now finished the proof of Theorem (5.33). Summing up, we have altogether shown that
if (E/F, χ) is a regular pair such that χ has positive level, then there is a unique positive depth
supercuspidal representation, πχ∆χ , whose character, on the range {z ∈ T (F )reg : 0 ≤ n(z) ≤
r/2}, agrees with F (χ˜). There is one minor point here to resolve. Is there possibly a depth zero
supercuspidal representation whose character, on the range {z ∈ T (F )reg : 0 ≤ n(z) ≤ r/2}, also
equals F (χ˜)? We will prove in the next chapter that if (E1/F, χ1) is a regular pair corresponding to
a depth zero supercuspidal representation π, then its character formula, on the range {z ∈ T (F )reg :
0 ≤ n(z) ≤ r/2}, is
F (χ˜1)(w) = −ǫ(∆+)deg(π)
deg(σ)
(
χ1(w) + (−1,∆)χ1(w)
τo(
w−w
2δ )
)
, w ∈ E∗1 \ F ∗(1 + pE1)
Then, the same arguments as in Theorems (5.30) and (5.33) show that the character of π cannot
equal F (χ˜), on the range {z ∈ T (F )reg : 0 ≤ n(z) ≤ r/2}, unless π ∼= π(χ˜).
Therefore, combining Theorems (5.30), (5.33), and (5.29), we obtain the following result.
Theorem 5.41. The assignment
{
irreducible ϕ : WF → GL(2,C)
} 7→ χ˜ ∈ T̂ (F )τ◦ρ 7→ π(χ˜)
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from Section (5.1) is the Local Langlands correspondence for positive depth supercuspidal represen-
tations of GL(2, F ), where π(χ˜) is the unique supercuspidal representation whose character, on the
range {z ∈ T (F )reg : 0 ≤ n(z) ≤ r/2}, is F (χ˜).
5.7 Calculation of various needed constants
In this section we calculate various constants needed throughout Chapter 5. Let ∆ ∈ o∗F be a
non-square, and let ψ be an additive character of F . Let ℓ(ψ) denote the level of ψ. One can prove
the following Lemma using the machinery from [17, Appendix].
Lemma 5.42. γF (∆, ψ) = (−1)ℓ(ψ).
Lemma 5.43. λE/F (ψ) = γF (∆, ψ)(−1,∆)F
Proof. Recall that λE/F (ψ) is the Langlands constant (cf [5, Pages 216, 217, 241]), where ψ is an
additive character of F . By [5, page 240-241], λE/F is defined to be the Weil index (cf Definition
(10.3)) of
q : E∗ → C∗
where q(z) := ψ(N(z)). The quadratic form in question is N : E∗ → F ∗. The associated symmetric
bilinear form associated is
(z, w)q :=
Tr(zw)
2
We wish to therefore calculate the Weil index γ(ψ ◦N).
Well, a basis for E/F is 1, δ, where E = F (δ), δ =
√
∆. Then, (1, 1)q = 1, (1, δ)q = (δ, 1)q = 0,
and (δ, δ)q = −∆. Thus, the matrix of the quadratic form is(
1 0
0 −∆
)
Then, by Lemmas (10.4), (10.5), and (10.6), and since E/F is quadratic,
γ(ψ ◦N) = (1,−∆)F γF (ψ)2γF (−∆, ψ) = γF (−1, ψ)(−1,−1)F γF (−∆, ψ) =
γF (∆, ψ)(−1,−∆)F = γF (∆, ψ)(−1,∆)F
6 Depth zero supercuspidal character formulas for PGL(2, F ) and
GL(2, F )
6.1 On the proof that our conjectural character formulas agree with depth zero
supercuspidal characters
In the following two sections, we prove Theorems (1.6) and (1.7) for the case of depth zero super-
cuspidal representations of GL(2, F ).
Let us recall from the previous chapter that the proposed character formula simplifies to
F (χ˜)(w) = ǫ(χ˜,∆+, τ)
(
χ(w) + (−1,∆)χ(w)
τo(w − w)|D(w)|1/2
)
, w ∈ T (F )reg
32
For depth zero representations we define ǫ(χ˜,∆+, τ) := −deg(π)τo(2δ)deg(σ) ǫ(∆+), where ǫ(∆+) is as in
Section (5.2) and deg(π), deg(σ) are as in Theorem (6.1). Let us recall the following theorem from
[9].
Theorem 6.1. 4 [9, Theorem 5.4.1]
Let (E/F, χ) be a regular pair where E/F has degree n, χ has level zero, and n is prime. Let
π = πχ be the associated depth zero supercuspidal representation of GL(n, F ) given by Proposition
(4.3). Suppose γ ∈ F ∗Kreg0 . Then
θπ(γ)
deg(π)
=

χπ(z)
χσ(γ)
deg(σ) if γ = zw is unramified elliptic and γ is not in F
∗K1, z ∈ Z,w ∈ K0
χπ(z)L.C.E. if γ = z(1 +
gX) with X ∈ b1, g ∈ G, and z ∈ Z
0 otherwise
Let (E/F, χ) be a regular pair such that χ has level zero and E/F is degree 2. Thus, E/F is
unramified and χ|UE gives rise to a character θ of the multiplicative group of the residue field Fq2
of E. Note that when E/F is unramified, (E/F, χ) is regular if and only if (E/F, χ) is admissible.
Let G := GL(2,Fq). Let T be the maximal torus of G defined over Fq such that T
Φ = F∗q2 is the
elliptic torus in GL(2,Fq). Then, by Deligne-Lusztig theory, the pair (T, θ) yields a generalized
character RT,θ of G(Fq) = GL(2,Fq).
Proposition 6.2. If s ∈ GΦ is semisimple, then
RT,θ(s) =
ǫTǫC0(s)
|TΦ||C0(s)Φ|p
∑
g∈GΦ:g−1sg∈TΦ
θ(g−1sg)
Proof. [8, Proposition 7.5.3]
Proposition 6.3.
RT,θ(s) = −
1∑
i=0
θ(υi(s))
for all regular semisimple s in TΦ, where υ is the generator of Gal(Fq2/Fq)
Proof. Let s ∈ TΦ be regular semisimple. Note that if g ∈ GΦ satisfies g−1sg ∈ TΦ, then g ∈
NGΦ(T
Φ). Therefore,∑
g∈GΦ : g−1sg∈TΦ
θ(g−1sg) =
∑
g∈N
GΦ
(TΦ)
θ(g−1sg) = |TΦ|
∑
w∈N
GΦ
(TΦ)/TΦ
θ(ws)
Therefore,
RT,θ(s) =
ǫTǫC0(s)
|C0(s)Φ|p
1∑
i=0
θ(υi(s))
since the relative Weyl group is W (G(Fq),T(Fq)) = Aut(Fq2/Fq). It remains to calculate the
constants in front.
4Notice that this theorem is slightly different than the one from [9]. It is because there are a few typos in [9].
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Now, since s ∈ TΦ is regular semisimple, |C0(s)Φ|p = 1. Moreover, ǫT = −1 and ǫC0(s) = 1.
Therefore,
RT,θ(s) = ǫTǫC0(s)
1∑
i=0
θ(υi(s)) = −(θ(s) + θ(s)
Our character formula is defined on the unramified elliptic torus E∗. We wish to show that our
character formula agrees with a depth zero supercuspidal character on the sets where they are both
defined, i.e. the set (F ∗K0 \ F ∗K1)
⋂
E∗.
Lemma 6.4. (F ∗K0 \ F ∗K1)
⋂
E∗ = F ∗A = E∗ \ F ∗(1 + pE) = {z ∈ T (F )reg : n(z) = 0}, where
A := {pnu+ vδ : n ≥ 0}
Proof. The proof is elementary.
Theorem 6.5. F (χ˜) agrees with the supercuspidal character of πχ∆χ on F
∗A.
Proof. Recall that ∆χ is the unique quadratic unramified character of E
∗. Therefore, we need to
show that
−deg(π)
deg(σ)
(
χ(w) + (−1,∆)χ(w)
τo(
w−w
2δ )|D(w)|1/2)
)
= −deg(π)
deg(σ)
(χ(w)∆χ(w) + χ(w)∆χ(w)) ∀w ∈ F ∗A
Let w ∈ A, so w = pnu + vδ, n ≥ 0. Then |D(w)| = 1. Moreover, τo(w−w2δ ) = τo(v) = 1. But
∆χ(w) = 1 ∀w ∈ A since ∆χ is unramified. Therefore, both sides agree on A. Finally, since
τo(x) = ∆χ(x) ∀x ∈ F ∗, we have that both sides agree on F ∗A.
As in the case of positive depth supercuspidal representations, our overall character formula
F (χ˜) remains the same regardless of the choice of positive root.
6.2 On whether there are two character formulas coming from the same Cartan
In this section, we show that if the distribution characters of two depth zero supercuspidal rep-
resentations, both coming from the unramified Cartan, agree on the n(w) = 0 range, then the
supercuspidal representations are isomorphic.
Theorem 6.6. Suppose (E/F, χ1), (E/F, χ2) are admissible pairs such that F (χ˜1)(w) = F (χ˜2)(w)
on the set E∗ \ F ∗(1 + pE). Then χ1 = χυ2 for some υ ∈ Aut(E/F ).
Proof. See [21, page 16].
Summing up, we have altogether shown that if (E/F, χ) is a regular pair such that χ has level
zero, then there is a unique depth zero supercuspidal representation, πχ∆χ , whose character, on
the range {z ∈ T (F )reg : 0 ≤ n(z) ≤ r/2} = {z ∈ T (F )reg : n(z) = 0}, agrees with F (χ˜). As in
the argument at the end of Section 5.6, one also sees that there is no positive depth supercuspidal
representation whose character, on the range {z ∈ T (F )reg : n(z) = 0}, also equals F (χ˜). Therefore,
combining Theorems (6.6) and (6.5), we obtain the following result.
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Theorem 6.7. The assignment
{
irreducible ϕ : WF → GL(2,C)
} 7→ χ˜ ∈ T̂ (F )τ◦ρ 7→ π(χ˜)
from Section (5.1) is the Local Langlands correspondence for depth zero supercuspidal representa-
tions of GL(2, F ), where π(χ˜) is the unique supercuspidal representation whose character, on the
range {z ∈ T (F )reg : 0 ≤ n(z) ≤ r/2} = {z ∈ T (F )reg : n(z) = 0}, is F (χ˜).
7 Existing Description of Local Langlands Correspondence for
GL(ℓ, F ), ℓ an odd prime
In this chapter, we describe the construction of the local Langlands correspondence for GL(ℓ, F )
as explained in [14].
7.1 Admissible Pairs
Let E/F be a tamely ramified degree ℓ extension and χ a character of E∗, where ℓ is an odd prime.
Recall that N denotes the norm map from E to F .
Definition 7.1. The pair (E/F, χ) is called an admissible pair if
(i) χ does not factor through N and
(ii) If χ|1+pE factors through N , then E/F is unramified.
If (E/F, χ) is an admissible pair, then there is a Howe factorization χ = χ′φE , where φE =
φ ◦NE/F , for some φ ∈ F̂ ∗ and where χ′ ∈ Ê∗ is of minimal conductor. We write Pℓ(F ) for the set
of F -isomorphism classes of admissible pairs. For more notions on admissible pairs, see [14].
7.2 Depth zero and positive depth supercuspidal representations of GL(ℓ, F )
Let A0ℓ(F ) denote the set of all irreducible supercuspidal representations of GL(ℓ, F ).
Theorem 7.2. Suppose the residual characteristic of F is not equal to ℓ. There is a map (E/F, χ)
7→ πχ that induces a bijection
Pℓ(F )→ A0ℓ (F )
If (E/F, χ) ∈ Pℓ(F ), then:
(i) ωπχ = χ|F ∗
(ii) if φ is a character of F ∗, then πχφE = φπχ.
Proof. See [14].
7.3 Weil parameters
Let G0ℓ(F ) be the set of equivalence classes of irreducible smooth ℓ-dimensional representations
of WF . If (E/F, ξ) ∈ Pℓ(F ), we can form ϕξ := IndWFWE(ξ) as in Section (4.4). Let δE/F :=
det(IndWFWE (1)).
Definition 7.3. Let (E/F, ξ) ∈ Pℓ(F ) such that δE/F = 1. Define ∆ξ to be the trivial character
of E∗.
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Definition 7.4. Let (E/F, ξ) ∈ Pℓ(F ) such that δE/F 6= 1. Define ∆ξ to be the unique quadratic
unramified character of E∗.
Theorem 7.5. Tame Local Langlands Correspondence
Suppose the residual characteristic of F is not equal to ℓ. For ϕ ∈ G0ℓ(F ), define π(ϕ) = πξ∆ξ
in the notation of Theorem (7.2) for any (E/F, ξ) ∈ Pℓ(F ) such that ϕ ∼= ϕξ. The map
π : G0ℓ(F )→ A0ℓ(F )
is the local Langlands correspondence for GL(ℓ, F ), where ℓ is an odd prime.
Proof. See [14].
Proposition 7.6. If ϕ ∈ G0ℓ (F ) and π = π(ϕ), then ωπ = det(ϕ).
Proof. See [14].
8 Positive depth supercuspidal character formula for GL(ℓ, F ) and
PGL(ℓ, F ), ℓ an odd prime
8.1 Preliminaries
In this Chapter we prove Theorems (1.6) and (1.7) for the positive depth supercuspidal represen-
tations of GL(ℓ, F ), where ℓ is an odd prime. We will define ǫ(χ˜,∆+, τ) and the notion of regular
in the next section. We will also regularly use the fact that W (G(F ), T (F )) = Aut(E/F ).
We note that all of our calculations in the next two chapters will assume that we have chosen
the standard positive set of roots of GL(ℓ, F ) with respect to the standard split maximal torus.
Our main results, however, will be seen to be independent of any choice of positive roots.
Now let ϕ be a supercuspidal Weil parameter for GL(ℓ, F ). We will show later in this section
how to construct a regular genuine character, χ˜, of T (F )τ◦ρ, from ϕ. We will then prove Theorem
(1.7) for GL(ℓ, F ) where ℓ is an odd prime.
We now introduce a notion of regularity that we will need. Let E/F be a tamely ramified degree
ℓ extension and χ a character of E∗. Recall that N denotes the norm map from E to F .
Definition 8.1. χ is called regular if χ does not factor through N . If χ is regular, we call the pair
(E/F, χ) a regular pair.
All definitions we have made in the previous chapter for admissible pairs, we also make for
regular pairs and regular characters as in the case of GL(2, F ). In particular, we also define
the character twists ∆χ for a regular pair (E/F, χ) exactly the same way they were defined for
admissible pairs. For example, if (E/F, χ) is a regular pair where δE/F 6= 1, then ∆χ is the unique
unramified quadratic character of E∗. Given a regular pair (E/F, χ), one may also construct a
supercuspidal representation πχ as in the previous chapter, but this construction is not one to one.
Our constructions and results do not require the stronger notion of admissible pair. We will
sometimes say that χ is regular when the field E is understood.
We first explain why double covers of tori play a role. We start by considering the group
PGL(ℓ, F ). First recall that the representations of PGL(ℓ, F ) are precisely the representations of
GL(ℓ, F ) with trivial central character. Let ϕ be a supercuspidal Weil parameter for PGL(ℓ, F ).
Then ϕ = IndWFWE(χ) for some regular pair (E/F, χ). Since we are using the notion of regular
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pair here rather than admissible pair, there may be a choice involved here. That is, there may be
another regular pair (E1/F, χ1) such that ϕ = Ind
WF
WE1
(χ1) as well. However, this will not matter,
and we will show that our results and constructions are independent of all choices. It is a fact (see
[5, Proposition 29.2]) that det(IndWFWE (χ)) = χ|F ∗ ⊗ δE/F , where δE/F = det(Ind
WF
WE
(1)). Thus,
by Proposition (7.6) χ|F ∗ = δE/F . Therefore, the supercuspidal Weil parameters for PGL(ℓ, F )
naturally give rise to regular pairs (E/F, χ) where χ|F ∗ = δE/F . Such a χ is not necessarily a
character of the elliptic torus E∗/F ∗ in PGL(ℓ, F ). Rather, it is a genuine character of a cover
E∗/ker(δE/F ) of E
∗/F ∗ arising from the canonical exact sequence
1 −→ F ∗/ker(δE/F ) −→ E∗/ker(δE/F )→ E∗/F ∗ −→ 1
In the case that E/F is degree ℓ, δ2E/F = 1 (see [14, Corollary 2.5.15]). We first consider the case
where δE/F 6= 1. Then since F ∗/ker(δE/F ) ∼= Z/2Z, we have that E∗/ker(δE/F ) is a nontriv-
ial double cover of E∗/F ∗. Then the character χ of E∗ naturally factors to a genuine character
χ˜ of E∗/ker(δE/F ), given by χ˜([w]) := χ(w) ∀[w] ∈ E∗/ker(δE/F ). Therefore, the supercuspi-
dal Weil parameters for PGL(ℓ, F ) naturally give rise to genuine characters of the double cover
E∗/ker(δE/F ). In the case of δE/F = 1, there is no cover, since E
∗/ker(δE/F ) = E
∗/F ∗. Therefore,
in this case, supercuspidal Weil parameters for PGL(ℓ, F ) naturally give rise to characters χ of the
elliptic torus E∗/F ∗ inside PGL(ℓ, F ). There is still a small subtlety in this case, as the proposed
character formula in Theorem (1.6) is written in terms of a double cover of the elliptic tori. Since
the denominator of the proposed character formula lives on a double cover, we must have that the
numerator of the proposed character formula lives on a double cover as well, so we will need a
method of going from the character χ of E∗/F ∗ to a genuine character χ˜ of a double cover.
We first consider the case where δE/F 6= 1. Relative to the standard positive system of roots
of PGL(ℓ, F ), let ρ be half the sum of the positive roots. An elliptic torus in PGL(ℓ, F ) is of the
form T (F ) = E∗/F ∗. Fix a character τo of (EL)
∗ whose restriction to L∗ is ℵEL/L, where L is the
unramified extension of F of degree ℓ− 1 and set τ := τo | |EL. Recall the denominator
τ(∆0(z,∆+))(τ ◦ ρ)(w)
that was defined in Theorem (1.6). Although τ ◦ ρ is not naturally a function on E∗/F ∗ since in
particular ρ is not naturally a function on E∗/F ∗, it is naturally a function on the τ ◦ ρ-cover of
E∗/F ∗. Recall Definition (1.5). Then, in our case, T (F )τ◦ρ = {([z], w) ∈ E∗/F ∗×C∗ : τ(2ρ([z])) =
w2}
We make an important note here. Note that since ℓ is odd, not only do we have 2ρ ∈ X∗(T ),
but we also have ρ ∈ X∗(T ). Therefore, if we consider ρ as a function on T as such, we may apply
τ to the element ρ(w) where w ∈ E∗. We will denote this resulting function ρτ (w), as this is a
different function than the function (τ ◦ ρ)(w) which naturally lives on T (F )τ◦ρ. We make this a
formal definition.
Definition 8.2. We define
ρτ (w) := τ(ρ(w)), w ∈ E∗
Here, we are viewing ρ as an element of X∗(T ), which we may do since ℓ is odd.
Lemma 8.3. E∗/ker(δE/F ) ∼= T (F )τ◦ρ, and this isomorphism is unique as an isomorphism of
covering groups (i.e. as covers of T (F )).
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Proof. The isomorphism is given by
E∗/ker(δE/F )
κ−→ T (F )τ◦ρ
[w] 7→ ([w],∆χ(w)ρτ (w))
where on the right hand side, [w] lives in E∗/F ∗. It is easy to show that this covering isomorphism
is unique, since E∗ = (E∗)2F ∗ (here we are using that ℓ is an odd prime).
Now let’s write down the character formula for a supercuspidal representation of PGL(ℓ, F ) in
the case where δE/F 6= 1. Let ϕ : WF → GL(ℓ,C) be a supercuspidal parameter for PGL(ℓ, F ) so
that ϕ = IndWFWE(χ) for some regular pair (E/F, χ). As discussed earlier, this gives us a genuine
character χ˜ of E∗/ker(δE/F ).
Definition 8.4. A genuine character η˜ of E∗/ker(δE/F ) is called regular if (E/F, η) is regular,
where η is the pullback of η˜ to E∗. A genuine character λ˜ of T (F )τ◦ρ is called regular if λ˜ ◦ κ is
regular.
Now recall from Theorem (1.6) the proposed formula F (χ˜). As in the cases of PGL(2, F ) and
GL(2, F ), we pull the function (τ ◦ρ)(w) and the Weyl group action in F (χ˜) back to E∗/ker(δE/F )
via κ, and leave our constructed χ˜ as living on E∗/ker(δE/F ). That is, we consider
F (χ˜)(z) = ǫ(χ˜,∆+, τ)
∑
s∈W
ǫ(s)χ˜(s[w])
τ(∆0(z,∆+))(τ ◦ ρ)(κ([w])) , z ∈ T (F )
reg
where [w] ∈ E∗/ker(δE/F ) such that Π(κ([w])) = z. Unwinding the definitions, we see that
(τ ◦ ρ)(κ([w])) = ∆χ(w)ρτ (w) ∀[w] ∈ E∗/ker(δE/F ).
We need to define the Weyl group action. As in the case of GL(2, F ), define s([w], λ) =
(s[w], λτ((s−1ρ− ρ)([w]))) for s ∈W . Pulling back this action from T (F )τ◦ρ to E∗/ker(δE/F ) via
κ, this simplifies to s[w] = κ−1(sκ([w])) = [sw] ∀[w] ∈ E∗/ker(δE/F ) for s ∈W = Aut(E/F ).
We note that the definition of regularity for a genuine character of T (F )τ◦ρ is analogous to the
definition of regularity for a genuine character λ˜ of T (R)ρ for real groups when E/F is Galois.
Pulling back (τ ◦ ρ)(w) and the Weyl group action to E∗/ker(δE/F ) via κ, we get
F (χ˜)(z) = ǫ(χ˜,∆+, τ)
∑
s∈W
ǫ(s)χ˜(s[w])
τ(∆0(z,∆+))∆χ(w)ρτ (z)
= ǫ(χ˜,∆+, τ)
∑
s∈W
χ˜(s[w])∆χ(
sw)
τ(∆0(z,∆+))ρτ (z)
where z ∈ E∗/F ∗ and [w] ∈ E∗/ker(δE/F ) is any element such that [w] maps to z under the
canonical map E∗/ker(δE/F )→ E∗/F ∗.
Let us now compute the proposed character formula for GL(ℓ, F ). Relative to the standard
positive system of roots of GL(ℓ, F ), let ρ be half the sum of the positive roots. An elliptic torus
in GL(ℓ, F ) is of the form T (F ) = E∗. We now introduce a cover which is isomorphic to T (F )τ◦ρ.
Definition 8.5. Let E∗/ker(δE/F )→ E∗/F ∗ be the canonical projection map. We defineE∗×E∗/F ∗
E∗/ker(δE/F ) as the group arising in the following pullback diagram:
E∗ ×E∗/F ∗ E∗/ker(δE/F ) −−−−→ E∗/ker(δE/F )y y
E∗
w 7→[w]−−−−→ E∗/F ∗
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That is, E∗ ×E∗/F ∗ E∗/ker(δE/F ) = {(w, [z]) ∈ E∗ × E∗/ker(δE/F ) : [w] = [z] ∈ E∗/F ∗}
Lemma 8.6. E∗ ×E∗/F ∗ E∗/ker(δE/F ) ∼= T (F )τ◦ρ
Proof. We naturally have an isomorphism
E∗ ×E∗/F ∗ E∗/ker(δE/F ) κ−→ T (F )τ◦ρ
(w, [z]) 7→ (w,∆χ(z)ρτ (w))
The proof that this is an isomorphism follows as in the previous cases.
Now let’s write down the character formula for a supercuspidal representation of GL(ℓ, F ). Let
ϕ : WF → GL(ℓ,C) be a supercuspidal parameter so that ϕ = IndWFWE(χ) for some regular pair
(E/F, χ). Then this canonically gives a genuine character χ˜ of E∗×E∗/F ∗ E∗/ker(δE/F ) as follows.
Define χ˜(w, [z]) := χ(w)δE/F (z/w).
Definition 8.7. A genuine character η˜ of E∗ ×E∗/F ∗ E∗/ker(δE/F ) is called regular if (E/F, η) is
regular, where η(w) := η˜(w, [z])δE/F (z/w). A genuine character λ˜ of T (F )τ◦ρ is called regular if
λ˜ ◦ κ is regular.
We have therefore given a map Ê∗ → (E∗ ×E∗/F ∗ E∗/ker(δE/F ))∧ given by η 7→ η˜, where
η˜(w, [z]) := η(w)δE/F (z/w). Note that we have a canonical map in the other direction, (E
∗×E∗/F ∗
E∗/ker(δE/F ))
∧ → Ê∗, given by η˜ 7→ η, where η(w) := η˜(w, [z])δE/F (z/w). We will regularly go
back and forth between characters of E∗ and genuine characters of E∗ ×E∗/F ∗ E∗/ker(δE/F ). In
particular, when we write χ˜, a genuine character of E∗ ×E∗/F ∗ E∗/ker(δE/F ), we will sometimes
keep in mind that there is a canonical character χ of E∗ that χ˜ comes from via the above maps.
Now recall from Theorem (1.6) the proposed formula F (χ˜). As in the previous cases, we pull
the function (τ ◦ ρ)(w) and the Weyl group action in F (χ˜) back to E∗ ×E∗/F ∗ E∗/ker(δE/F ) via κ,
and leave our constructed χ˜ as living on E∗ ×E∗/F ∗ E∗/ker(δE/F ). That is, we consider
F (χ˜)(w) = ǫ(χ˜,∆+, τ)
∑
s∈W
ǫ(s)χ˜(s(w, [z]))
τ(∆0(w,∆+))(τ ◦ ρ)(κ(w, [z])) w ∈ T (F )
reg
where (w, [z]) ∈ E∗×E∗/F ∗ E∗/ker(δE/F ) such that Π(κ((w, [z]))) = w. Unwinding the definitions,
we see that (τ ◦ ρ)(κ((w, [z]))) = ∆χ(z)ρτ (w) ∀(w, [z]) ∈ E∗ ×E∗/F ∗ E∗/ker(δE/F ).
We also need to define the Weyl group action. As in the case of GL(2, F ), define s(w, λ) =
(sw, λτ((s−1ρ−ρ)(w))) for s ∈W . Pulling back this action from T (F )τ◦ρ to E∗×E∗/F ∗E∗/ker(δE/F )
via κ, this simplifies to s(w, [z]) = (sw, [sz])∀(w, [z]) ∈ E∗ ×E∗/F ∗ E∗/ker(δE/F ) for s ∈W .
Pulling back τ ◦ ρ and the Weyl group action to E∗ ×E∗/F ∗ E∗/ker(δE/F ) via κ, our character
formula simplifies to
F (χ˜)(w) = ǫ(χ˜,∆+, τ)
∑
s∈W
ǫ(s)χ(sw)δE/F (z/w)
τ(∆0(w,∆+))ρτ (w)∆χ(z)
, w ∈ T (F )reg
where (w, [z]) ∈ E∗ ×E∗/F ∗ E∗/ker(δE/F ) is any element that maps to w under the canonical
projection E∗ ×E∗/F ∗ E∗/ker(δE/F ) → E∗. Note that ∆χ|F ∗ = δE/F , so δE/F (z/w) = ∆χ(z/w).
Therefore,
F (χ˜)(w) = ǫ(χ˜,∆+, τ)
∑
s∈W
ǫ(s)χ(sw)∆χ(z/w)
τ(∆0(w,∆+))ρτ (w)∆χ(z)
, w ∈ T (F )reg
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where (w, [z]) ∈ E∗ ×E∗/F ∗ E∗/ker(δE/F ) is any element that maps to w under the canonical
projection E∗ ×E∗/F ∗ E∗/ker(δE/F )→ E∗. Then, since ∆2χ = 1 and ǫ(s) = 1 ∀s ∈W , this formula
reduces to
F (χ˜)(w) = ǫ(χ˜,∆+, τ)
∑
s∈W
χ(sw)∆χ(
sw)
τ(∆0(w,∆+))ρτ (w)
, w ∈ T (F )reg
We now consider the case of PGL(ℓ, F ) where δE/F = 1. Relative to the standard positive
system of roots of PGL(ℓ, F ), let ρ be half the sum of the positive roots. An elliptic torus in
PGL(ℓ, F ) is of the form T (F ) = E∗/F ∗. Recall that in this case, a supercuspidal parameter for
PGL(ℓ, F ) does not naturally yield a genuine character of a double cover of E∗/F ∗. Rather, we
are naturally handed a character of E∗/ker(δE/F ) = E
∗/F ∗, since δE/F = 1. Therefore, the only
natural double cover to consider in this case is the canonical split cover E∗/F ∗ × Z/2Z. We will
show that this setting still naturally fits into our theory.
Lemma 8.8. E∗/F ∗ × Z/2Z ∼= T (F )τ◦ρ, and this isomorphism is unique as an isomorphism of
covering groups (i.e. as covers of T (F )).
Proof. The explicit isomorphism is given by
E∗/F ∗ × Z/2Z κ−→ T (F )τ◦ρ
(z, ǫ) 7→ (z, ǫρτ (z))
It is easy to see that this isomorphism is unique, using the fact that E∗ = (E∗)2F ∗ (here we are
using that ℓ is an odd prime.
Now let’s write down the character formula for a supercuspidal representation of PGL(ℓ, F ) in
the case where δE/F = 1. Let ϕ : WF → GL(ℓ,C) be a supercuspidal parameter for PGL(ℓ, F ) so
that ϕ = IndWFWE(χ) for some regular pair (E/F, χ). Now recall that we are trying to make sense of
the proposed character formula F (χ˜). We have that χ factors to a character of E∗/F ∗, which we
will also denote χ. However, the functions in F (χ˜) have domain T (F )τ◦ρ. As in previous cases, we
pull the function (τ ◦ ρ)(w) and the Weyl group action in F (χ˜) back to E∗/F ∗×Z/2Z via κ. That
is, we consider
F (χ˜)(z) = ǫ(χ˜,∆+, τ)
∑
s∈W
ǫ(s)χ˜(s(z, ǫ))
τ(∆0(z,∆+))(τ ◦ ρ)(κ((z, ǫ))) , z ∈ T (F )
reg
where (z, ǫ) ∈ E∗/F ∗ × Z/2Z such that Π(κ((z, ǫ))) = z. Unwinding the definitions, we see that
(τ ◦ ρ)(κ((z, ǫ))) = ǫρτ (z) ∀(z, ǫ) ∈ E∗/F ∗ × Z/2Z. We can then canonically assign a genuine
character χ˜ of E∗/F ∗ × Z/2Z from the regular character χ by setting
χ˜ := χ⊗ sgn
Definition 8.9. A genuine character η˜ of E∗×Z/2Z is called regular if (E/F, η) is regular, where
η := η˜ ⊗ sgn. A genuine character λ˜ of T (F )τ◦ρ is called regular if λ˜ ◦ κ is regular.
We also need to define the Weyl group action. As in the case of GL(2, F ), define s([w], λ) =
([sw], λτ((s−1ρ− ρ)(w))) for s ∈ W . Pulling back this action from T (F )τ◦ρ to E∗/F ∗ × Z/2Z via
κ, this simplifies to s([z], ǫ) = ([sz], ǫ) ∀([z], ǫ) ∈ E∗/F ∗ × Z/2Z for s ∈W .
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Pulling back (τ ◦ ρ)(w) and the Weyl group action to E∗/F ∗ × Z/2Z via κ, incorporating χ˜,
and noting that ǫ(s) = 1 ∀s ∈W , we get
F (χ˜)(z) = ǫ(χ˜,∆+, τ)
∑
s∈W
ǫ(s)ǫχ(sz)
τ(∆0(z,∆+))ǫρτ (z)
= ǫ(χ˜,∆+, τ)
∑
s∈W
χ(sz)
τ(∆0(z,∆+))ρτ (z)
, z ∈ E∗/F ∗
Let us now compute the proposed character formula for GL(ℓ, F ) in the case that δE/F = 1.
Relative to the standard system of roots in GL(ℓ, F ), let ρ be half the sum of the positive roots. An
elliptic torus in GL(ℓ, F ) is of the form T (F ) = E∗. We now introduce a cover which is isomorphic
to T (F )τ◦ρ, completely analogously to the case of δE/F 6= 1.
Definition 8.10. Let E∗/F ∗ × Z/2Z → E∗/F ∗ be the canonical projection map. We define
E∗ ×E∗/F ∗ (E∗/F ∗ × Z/2Z) as the group arising in the following pullback diagram:
E∗ ×E∗/F ∗ (E∗/F ∗ × Z/2Z) −−−−→ E∗/F ∗ × Z/2Zy y
E∗
w 7→[w]−−−−→ E∗/F ∗
That is, E∗ ×E∗/F ∗ (E∗/F ∗ × Z/2Z) = {(w, ([z], ǫ)) : [w] = [z] ∈ E∗/F ∗}
Lemma 8.11. E∗ ×E∗/F ∗ (E∗/F ∗ × Z/2Z) ∼= T (F )τ◦ρ
Proof. An explicit isomorphism is given by
E∗ ×E∗/F ∗ (E∗/F ∗ × Z/2Z) κ−→ T (F )τ◦ρ
(w, ([z], ǫ)) 7→ (w, ǫρτ (w))
Now let’s write down the character formula for a supercuspidal representation of GL(ℓ, F ). Let
ϕ : WF → GL(ℓ,C) be a supercuspidal parameter so that ϕ = IndWFWE(χ) for some regular pair
(E/F, χ). Then this gives a genuine character χ˜ of E∗ ×E∗/F ∗ (E∗/F ∗ × Z/2Z) as follows. Define
χ˜(w, ([z], ǫ)) := χ(w)ǫ.
Definition 8.12. A genuine character η˜ of E∗×E∗/F ∗ (E∗/F ∗×Z/2Z) is called regular if (E/F, η)
is regular, where η(w) := η˜(w, ([z], ǫ))ǫ. A genuine character λ˜ of T (F )τ◦ρ is called regular if λ˜ ◦ κ
is regular.
We have therefore given a map Ê∗ → (E∗ ×E∗/F ∗ (E∗/F ∗ × Z/2Z))∧ given by η 7→ η˜, where
η˜(w, ([z], ǫ)) := η(w)ǫ. Note that we have a canonical map in the other direction, (E∗ ×E∗/F ∗
(E∗/F ∗ × Z/2Z))∧ → Ê∗, given by η˜ 7→ η, where η(w) := η˜(w, ([z], ǫ))ǫ. We will regularly go
back and forth between characters of E∗ and genuine characters of E∗×E∗/F ∗ (E∗/F ∗×Z/2Z). In
particular, when we write χ˜, a genuine character of E∗×E∗/F ∗ (E∗/F ∗×Z/2Z), we will sometimes
keep in mind that there is a canonical character χ of E∗ that χ˜ comes from via the above maps.
As in previous cases, we pull the function (τ ◦ ρ)(w) and the Weyl group action in F (χ˜) back
to E∗ ×E∗/F ∗ (E∗/F ∗ × Z/2Z) via this isomorphism, and leave our constructed χ˜ as living on
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E∗ ×E∗/F ∗ (E∗/F ∗ × Z/2Z). That is, we consider
F (χ˜)(w) = ǫ(χ˜,∆+, τ)
∑
s∈W
ǫ(s)χ˜(s(w, ([z], ǫ)))
τ(∆0(w,∆+))(τ ◦ ρ)(κ(w, ([z], ǫ))) w ∈ T (F )
reg
where (w, ([z], ǫ)) ∈ E∗ ×E∗/F ∗ (E∗/F ∗ × Z/2Z) such that Π(κ((w, ([z], ǫ)))) = w. Unwinding the
definitions, we see that (τ ◦ ρ)(κ((w, ([z], ǫ)))) = ǫρτ (w) ∀(w, ([z], ǫ)) ∈ E∗×E∗/F ∗ (E∗/F ∗×Z/2Z).
We also need to define the Weyl group action. As in the case of GL(2, F ), define s(w, λ) =
(sw, λτ((s−1ρ− ρ)(w))) for s ∈W . Pulling back this action from T (F )τ◦ρ to E∗ ×E∗/F ∗ (E∗/F ∗ ×
Z/2Z) via κ, this simplifies to s(w, ([z], ǫ)) = (sw, ([sz], ǫ)) ∀(w, ([z], ǫ)) ∈ E∗×E∗/F ∗(E∗/F ∗×Z/2Z)
for s ∈W = Aut(E/F ).
Pulling back τ ◦ ρ and the Weyl group action to E∗ ×E∗/F ∗ E∗/F ∗ × Z/2Z via κ, we get
F (χ˜)(w) = ǫ(χ˜,∆+, τ)
∑
s∈W
ǫ(s)χ(sw)ǫ
τ(∆0(w,∆+))ǫρτ (w)
= ǫ(χ˜,∆+, τ)
∑
s∈W
χ(sw)
τ(∆0(w,∆+))ρτ (w)
, w ∈ T (F )reg
where (w, (z, ǫ)) ∈ E∗ ×E∗/F ∗ (E∗/F ∗ × Z/2Z) is any element that maps to w under the canonical
projection E∗ ×E∗/F ∗ (E∗/F ∗ × Z/2Z)→ E∗.
Summing up, we have given a method of assigning a conjectural character formula for a super-
cuspidal representation of GL(ℓ, F ) or PGL(ℓ, F ) to a supercuspidal Weil parameter ϕ of GL(ℓ, F )
or PGL(ℓ, F ), respectively, given by
ϕ 7→ χ˜ ∈ T̂ (F )τ◦ρ 7→ F (χ˜)
We will show that the proposed character formula F (χ˜) constructed in this section is indepen-
dent of the choise of τ and the choice of positive roots ∆+.
We wish to make an important note. The case δE/F = 1 is the only case where the “naive
correspondence” of [5], [14], is the actual local Langlands correspondence. This is precisely because
there is nothing interesting to see in the double cover. It is clear that in this special case, we didn’t
need to use double covers in order to obtain the local Langlands correspondence, and this is the
only case where we could avoid using double covers of tori. What we are showing in this paper,
however, is that if we move to the setting of double covers of elliptic tori, then we can obtain the
local Langlands correspondence in all cases by a “naive correspondence”.
8.2 The constant ǫ(χ˜,∆+, τ)
In this section we define the constant ǫ(χ˜,∆+, τ). First recall Theorem (5.8). Recall the constant
C := cψ(g
′)c−1ψ (g)|D(γ)|−1/2|η(α(χ))|−1/2 that is defined in Theorem (5.8).
Definition 8.13. Define ǫ(∆+) to be 1 if ∆+ is the standard choice of positive roots of GL(ℓ, F )
with respect to the diagonal maximal torus T (F ). Any other set of positive roots is of the form
s∆+ for some s ∈ W (G(F ), T (F )). We then define ǫ(s∆+) = τo((−1)ℓ(s)) where ℓ is the length of
s. Let ∆+ be any set of positive roots. We set
ǫ(χ˜,∆+, τ) := deg(π)λ(σ)cψ(g
′)c−1ψ (g)|η(α(χ))|−1/2τo((−1)
∑ ℓ−1
2
k=1
k)ǫ(∆+)
.
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It will be useful to define another constant. We set
ǫ(χ˜,∆+, τ)′ := deg(π)λ(σ)cψ(g
′)c−1ψ (g)|η(α(χ))|−1/2ǫ(∆+).
In the calculations we will make throughout the rest of this chapter and the next, we will make
a choice of ∆+ to be the standard set of positive roots. Therefore, the term ǫ(∆+) is just 1, and
therefore this term will not appear in most of our calculations and formulas. We will show later
that all of our results will be independent of the choice of ∆+.
8.3 The case δE/F 6= 1
In the next two sections, we show that the proposed character formula F (χ˜) agrees with the
character of the positive depth supercuspidal representation πχ∆χ occuring in the local Langlands
correspondence, on the range {z ∈ T (F )reg : 0 ≤ n(z) ≤ r/2}. We will assume again without loss of
generality, as in Chapter 5, that our regular pairs (E/F, χ) are such that χ has minimal conductor
(In [21], the terminology conductor is used instead of the terms “minimal regular pair”. We follow
the terminology in [21] since we will use results from there). The same argument as in the end of
Chapter 5 shows that this doesn’t matter, and that all of our results are true for arbitrary regular
pairs. We need a result from [21]. Unwinding all the definitions, it is shown in [21, Sections 6
and 7] that if (E/F, χ) is a regular pair with positive level, then the character, θ, of the associated
supercuspidal representation πχ via Theorem (7.2), satisfies
θ(w) = deg(π)λ(σ)cψ(g
′)c−1ψ (g)|η(α(χ))|−1/2
∑
s∈Aut(E/F )
χ(sw)
|D(w)|1/2 ∀w ∈ E
∗ : 0 ≤ n(w) ≤ r/2
Let ∆ be the standard set of roots for GL(ℓ, F ) with respect to the diagonal torus T , where ℓ
is an odd prime, and let ∆+ be the standard set of positive roots. In this section, we will view ρ
as a character of T , so that we may eventually compute ρτ (recall that since ℓ is odd, ρ ∈ X∗(T )).
Lemma 8.14. If w is the diagonal matrix
w1 0 0 0 0
0 w2 0 0 0
0 0 w3 0 0
...
...
...
...
...
0 0 0 0 wℓ

then
∆0(w,∆+)ρ(w) =
∏
i<j(wi − wj)
(w1w2...wℓ)
ℓ−1
2
Proof. This is elementary.
Corollary 8.15. If w ∈ E∗, then
∆0(w,∆+)ρ(w) = (−1)
∑ ℓ−1
2
k=1
k NEL/L((w − υ(w))(w − υ2(w))(w − υ3(w))...(w − υ
ℓ−1
2 (w)))
NE/F (w)
ℓ−1
2
where L is the unramified extension of F of degree ℓ− 1, and υ is an embedding of E into F .
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Proof. This is elementary.
Recall that our proposed character formula reduces in the case δE/F 6= 1 to
F (χ˜)(w) = ǫ(χ˜,∆+, τ)
∑
s∈W
χ(sw)∆χ(
sw)
τ(∆0(w,∆+))ρτ (w)
, w ∈ T (F )reg
Theorem 8.16. F (χ˜) agrees with the character of the supercuspidal representation πχ∆χ on the
range {w ∈ E∗ : 0 ≤ n(w) ≤ r/2}.
Proof. Since τo is trivial on NEL/L((EL)
∗), and since NE/F (w) = NEL/L(w), we have that
τo(∆
0(w,∆+))ρτo(w) = τo((−1)
∑ ℓ−1
2
k=1
k). Thus,
F (χ˜)(w) = ǫ(χ˜,∆+, τ)′
∑
s∈W
χ(sw)∆χ(
sw)
|∆0(w,∆+)ρ(w)| =
ǫ(χ˜,∆+, τ)′
∑
s∈W
χ(sw)∆χ(
sw)
|D(w)1/2|
since recall that |∆0(w,∆+)ρ(w)| = |D(w)|1/2 from Chapter 3.
Note that F (χ˜) is independent of the choice of τ . That is, all that matters is τo|L∗ , which we have
required from the outset is ℵEL/L.
Note that in the above, we have chosen ∆+ to be the standard set of positive roots, which
implies that ǫ(∆+) = 1. We wish to make the following observation. Suppose we made another
choice of positive roots. Any other choice is of the form s∆+ where ∆+ is the standard choice
of positive roots and s ∈ W (G(F ), T (F )). Let ρ be half the sum of positive roots in ∆+ and let
ρs be half the sum of positive roots in s∆
+. Then ∆0(w, s∆+)ρs(w) = (−1)ℓ(s)∆0(w,∆+)ρ(w)
where ℓ(s) is the length of s. Therefore, the denominator in our character formula for the choice
s∆+ would include the term τo((−1)ℓ(s)). However, because our definition of ǫ(χ˜,∆+, τ) includes
the term ǫ(∆+), our overall character formula F (χ˜) remains the same regardless of the choice of
positive roots. The same line of reasoning is true for the case of δE/F = 1 and PGL(ℓ, F ).
8.4 The case δE/F = 1
Let E/F now be a degree ℓ extension such that δE/F = 1. This occurs if and only if ∆χ = 1. Recall
that our proposed character formula reduces in the case δE/F = 1 to
F (χ˜)(w) = ǫ(χ˜,∆+, τ)
∑
s∈W
χ(sw)
τ(∆0(w,∆+))ρτ (w)
, w ∈ T (F )reg
Theorem 8.17. F (χ˜) agrees with the character of the supercuspidal representation πχ∆χ on the
range {w ∈ E∗ : 0 ≤ n(w) ≤ r/2}.
Proof. Since τo is trivial on NEL/L((EL)
∗), and since NE/F (w) = NEL/L(w), we have that
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τo(∆
0(w,∆+))ρτo(w) = τo((−1)
∑ ℓ−1
2
k=1
k). Thus, our character formula reduces to
F (χ˜)(w) = ǫ(χ˜,∆+, τ)′
∑
s∈W
χ(sw)
|∆0(w,∆+)ρ(w)| =
ǫ(χ˜,∆+, τ)′
∑
s∈W
χ(sw)
|D(w)1/2| , w ∈ E
∗
Note again that F (χ˜) is independent of the choice of τ . That is, all that matters is τo|L∗ , which
we have required from the outset is ℵEL/L. Also note again that we have chosen ∆+ to be the
standard set of positive roots, which implies that ǫ(∆+) = 1. Moreover, F (χ˜) is independent of the
choice of ∆+ for the same reasoning as in the previous section.
8.5 On whether there are two positive depth character formulas coming from
the same Cartan
In the next two sections we show that a positive depth supercuspidal representation of GL(ℓ, F )
is uniquely determined by the restriction of its distribution character to the n(w) = 0 range.
In this section, we show that if the distribution characters of two positive depth supercuspidal
representations, both coming from the same Cartan, agree on the n(w) = 0 range, then they are
isomorphic.
Theorem 8.18. Suppose (E/F, χ1) and (E/F, χ2) are admissible pairs such that F (χ˜1)(w) =
F (χ˜2)(w) ∀w ∈ E∗ : n(w) = 0. Then, χ1 = χυ2 for some υ ∈ Aut(E/F ).
We will split the proof of this theorem into several cases. Note that as in Section 5.6, it is
sufficient in this and the next section to consider admissible pairs rather than regular pairs.
Proposition 8.19. Let E/F be ramified Galois. Suppose (E/F, χ1), (E/F, χ2) are admissible pairs
such that F (χ˜1)(w) = F (χ˜2)(w) ∀w ∈ E∗ : n(w) = 0. Then χ1 = χυ2 for some υ ∈ Aut(E/F ).
Proof. The proof from Lemma (5.31) can be adapted to this setting. In order to use this proof, we
need to prove that there exists a w′ ∈ E∗ \ F ∗(1 + pE) such that [χ1](w′) 6= 0. We will do this in
the next section.
Proposition 8.20. Let E/F be ramified non-Galois. Suppose (E/F, χ1), (E/F, χ2) are admissible
pairs such that F (χ˜1)(w) = F (χ˜2)(w) ∀w ∈ E∗ : n(w) = 0. Then χ1 = χ2.
Proof. Assume F (χ˜1)(w) = F (χ˜2)(w) on the set {w ∈ E∗ : n(w) = 0}. Then since Aut(E/F ) =
1, by inspecting the formula for F (χ˜1), F (χ˜2), we see that there are constants c1, c2 such that
c1χ1(w) = c2χ2(w) ∀w : n(w) = 0. By [21, Lemma 5.1], this says that χ1(w) = χ2(w) ∀w ∈
F ∗(1+pE). We may now proceed as in the proof of Lemma (5.31), but adapted to this setting.
Proposition 8.21. Let E/F be unramified. Suppose (E/F, χ1), (E/F, χ2) are admissible pairs
such that F (χ˜1)(w) = F (χ˜2)(w) ∀w ∈ E∗ : n(w) = 0. Then χ1 = χυ2 for some υ ∈ Aut(E/F ).
Proof. See [21, page 16]).
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8.6 On whether there are two positive depth character formulas coming from
different Cartans
In this section we show that the distribution characters of two positive depth supercuspidal repre-
sentations, coming from different Cartans, can’t agree on the n(w) = 0 range. This, together with
the results from the previous section, shows that if (E/F, χ) is an admissible pair, then there is a
unique positive depth supercuspidal representation whose distribution character agrees with F (χ˜)
on the range {w ∈ E∗ : n(w) = 0}.
Theorem 8.22. Suppose (E/F, χ) and (E1/F, χ1) are admissible pairs with E ≇ E1. Then
∃w ∈ E∗ : n(w) = 0 such that F (χ˜)(w) 6= θπχ1∆χ1 (w).
There are several cases to check, and we split them up in a sequence of propositions.
Proposition 8.23. Suppose (E/F, χ) and (E1/F, χ1) are admissible pairs with E ramified Galois
and E1 unramified. Then ∃w ∈ E∗ : n(w) = 0 such that F (χ˜)(w) 6= θπχ1∆χ1 (w).
Proof. The following proof is due to Loren Spice. It is vastly shorter than our original proof. It is
shown in [22] and [23] that θπχ1∆χ1
(w) = 0 ∀w ∈ E∗ : n(w) = 0. Thus, if we can find a single element
of {w ∈ E∗ : n(w) = 0} such that F (χ˜)(w) 6= 0, then we’d be done. Suppose by way of contradiction
that F (χ˜)(w) = 0 ∀w ∈ E∗ : n(w) = 0. Recall that {w ∈ E∗ : n(w) = 0} = E∗ \ F ∗(1 + pE).
Fix w1 ∈ E∗ \ F ∗(1 + pE). Note that if α ∈ F ∗(1 + pE), then w1α ∈ E∗ \ F ∗(1 + pE). Since
F (χ˜)(w) = 0 ∀w ∈ E∗ : n(w) = 0, then by considering the numerator of F (χ˜), we get that
(ℓ−1∑
i=0
ciχ
υi
)
(α) =
ℓ−1∑
i=0
χυ
i
(w1α) = 0
for all α ∈ F×(1 + PE), where ci = χυi(w1) 6= 0 for i = 0, . . . , ℓ − 1. Then linear independence of
characters gives that χυ
i
= χυ
j
on F×(1 + PE) for all i and j and this contradicts admissibility of
the pair (E/F, χ).
Proposition 8.24. Suppose that either
(1) E/F is ramified non-Galois and E1/F is unramified,
(2) E/F is unramified and E1/F is ramified,
(3) E/F is ramified Galois and E1/F is ramified Galois such that E ≇ E1, or
(4) E/F is ramified non-Galois and E1/F is ramified non-Galois such that E ≇ E1.
Suppose (E/F, χ) and (E1/F, χ1) are admissible pairs. Then ∃w ∈ E∗ : n(w) = 0 such that
F (χ˜)(w) 6= θπχ1∆χ1 (w).
Proof. It is shown in [22] and [23] that θπχ1∆χ1
(w) = 0 ∀w ∈ E∗ : n(w) = 0. Thus, if we can find
a single element of {w ∈ E∗ : n(w) = 0} such that F (χ˜)(w) 6= 0, then we’d be done. For case (1)
this is clear, because the numerator of F (χ˜) is χ(w)∆χ(w), which takes values in C
∗. For case (2),
see [21, pages 11,12,16]. For case (3), the same proof as in Proposition (8.23) works here. For case
(4), the same argument as in case (1) works here.
Note that we have now checked all cases, because if F is a local field of characteristic zero,
then F can’t simultaneously have a degree ℓ ramified non-Galois extension and a degree ℓ ramified
Galois extension. Therefore, we have finished the proof of Theorem (8.22). Summing up, we have
altogether shown that if (E/F, χ) is a regular pair such that χ has positive level, then there is
a unique positive depth supercuspidal representation, πχ∆χ , whose character, on the range {z ∈
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T (F )reg : 0 ≤ n(z) ≤ r/2}, agrees with F (χ˜). There is one minor point here to resolve. Is there
possibly a depth zero supercuspidal representation whose character, on the range {z ∈ T (F )reg :
0 ≤ n(z) ≤ r/2}, also equals F (χ˜)? We will prove in the next chapter that if (E1/F, χ1) is a
regular pair corresponding to a depth zero supercuspidal representation π via Theorem (7.2), then
its character formula, on the range {z ∈ T (F )reg : 0 ≤ n(z) ≤ r/2}, is
F (χ˜1)(w) = (−1)ℓ+1 deg(π)
deg(σ)
τo((−1)
∑ ℓ−1
2
k=1
k)

ℓ−1∑
i=0
χ1(υ
i(w))
τ(∆0(w,∆+))ρτ (w)
 , w ∈ E∗1 \ F ∗(1 + pE1)
where υ is a generator of Aut(E1/F ). Then, the same arguments as in Theorems (8.18) and (8.22)
show that the character of π cannot equal F (χ˜), on the range {z ∈ T (F )reg : 0 ≤ n(z) ≤ r/2},
unless π ∼= π(χ˜).
Therefore, combining Theorems (8.18), (8.22), and (8.16) and (8.17), we obtain the following
result.
Theorem 8.25. The assignment
{
irreducible ϕ :WF → GL(ℓ,C)
} 7→ χ˜ ∈ T̂ (F )τ◦ρ 7→ π(χ˜)
from Section (8.1) is the Local Langlands correspondence for positive depth supercuspidal represen-
tations of GL(ℓ, F ), where π(χ˜) is the unique supercuspidal representation whose character, on the
range {z ∈ T (F )reg : 0 ≤ n(z) ≤ r/2}, is F (χ˜).
9 Depth zero supercuspidal character formula for PGL(ℓ, F ) and
GL(ℓ, F )), ℓ an odd prime
9.1 On the proof that our conjectural character formulas agree with depth zero
supercuspidal characters
In the following two sections, we prove Theorems (1.6) and (1.7) for the case of depth zero super-
cuspidal representations of GL(ℓ, F ), where ℓ is an odd prime. Since regular pairs in the setting
of depth zero supercuspidal representations of GL(ℓ, F ) are of the form (E/F, χ) where in partic-
ular E/F is unramified, we have that δE/F = 1. Let us recall from the previous chapter that the
proposed character formula simplifies to
F (χ˜)(w) = ǫ(χ˜,∆+, τ)
∑
s∈Aut(E/F )
χ(sw)
τ(∆0(w,∆+))ρτ (w)
, w ∈ T (F )reg
For depth zero representations, we define ǫ(χ˜,∆+, τ) := (−1)ℓ+1 deg(π)deg(σ)τo((−1)
∑ ℓ−1
2
k=1
k)ǫ(∆+), where
ǫ(∆+) is as in Section (8.2) and deg(π), deg(σ) are as in Theorem (6.1).
We will again need Theorem (6.1). Let (E/F, χ) be a regular pair such that χ has level zero and
E/F is degree ℓ. Thus, E/F is unramified and χ|UE gives rise to a character θ of the multiplicative
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group of the residue field Fqℓ of E. Note that when E/F is unramified, (E/F, χ) is regular if and
only if (E/F, χ) is admissible. Let G := GL(ℓ,Fq). Let T be the maximal torus of G defined over
Fq such that T
Φ = F∗
qℓ
is the elliptic torus in GL(ℓ,Fq). Then, by Deligne-Lusztig theory, the pair
(T, θ) yields a generalized character RT,θ of G(Fq) = GL(ℓ,Fq).
Proposition 9.1.
RT,θ(s) = (−1)ℓ+1
ℓ−1∑
i=0
θ(υi(s))
for all regular semsimple s in TΦ, where υ is a generator of Gal(Fqℓ/Fq).
Proof. Exactly as in the beginning of the proof of Proposition (6.3), we get
RT,θ(s) =
ǫTǫC0(s)
|C0(s)Φ|p
ℓ−1∑
i=0
θ(υi(s))
since the relative Weyl group is W (G(Fq),T(Fq)) = Aut(Fqℓ/Fq). It remains to calculate the
constants in front.
Now, since s ∈ TΦ is regular semisimple, then |C0(s)Φ|p = 1. Moreover, ǫT = −1 and ǫC0(s) =
(−1)ℓ. Therefore,
RT,θ(s) = ǫTǫC0(s)
ℓ−1∑
i=0
θ(υi(s)) = (−1)ℓ+1
ℓ−1∑
i=0
θ(υi(s))
Our character formula is defined on the unramified elliptic torus E∗. We wish to show that our
character formula agrees with a depth zero supercuspidal character on the sets where they are both
defined i.e. the set (F ∗K0 \ F ∗K1)
⋂
E∗.
Lemma 9.2. (F ∗K0 \ F ∗K1)
⋂
E∗ = E∗ \ F ∗(1 + pE)
Proof. The proof is not difficult.
Theorem 9.3. F (χ˜) agrees with the character of the depth zero supercuspidal representation πχ∆χ
on the range E∗ \ F ∗(1 + pE) = {z ∈ T (F )reg : 0 ≤ n(z) ≤ r/2}.
Proof. Recall that since E/F is unramified, ∆χ ≡ 1. Therefore, we need to show that
τo((−1)
∑ ℓ−1
2
k=1
k)

ℓ−1∑
i=0
χ(υi(w))
τ(∆0(w,∆+))ρτ (w)
 =
ℓ−1∑
i=0
χ(υi(w)) ∀w ∈ E∗ \ F ∗(1 + pE)
Recall that τ(∆0(w,∆+))ρτ (w) = τo(∆
0(w,∆+))ρτo(w)|∆0(w,∆+)ρ(w)|. Let w ∈ E∗. Recall
that
∆0(w,∆+)ρ(w) = (−1)
∑ ℓ−1
2
k=1
kNEL/L((w − υ(w))(w − υ2(w))(w − υ3(w))...(w − υ
ℓ−1
2 (w)))
NE/F (w)
ℓ−1
2
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Therefore, τo(∆
0(w,∆+))ρτo(w) = τo((−1)
∑ ℓ−1
2
k=1
k) for any element w ∈ E∗. Now, let w ∈ E∗ :
n(w) = 0. We claim that |∆0(w,∆+)ρ(w)| = 1. For let w = pnu, where u ∈ o∗E and n ∈ Z. Then
|∆0(w,∆+)ρ(w)| =∣∣∣∣∣NEL/L((pnu− υ(pnu))(pnu− υ2(pnu))(pnu− υ3(pnu))...(pnu− υ
ℓ−1
2 (pnu)))
NE/F (pnu)
ℓ−1
2
∣∣∣∣∣ =∣∣∣∣∣NEL/L(pn)
ℓ−1
2 NEL/L((u− υ(u))(u − υ2(u))(u− υ3(u))...(u − υ
ℓ−1
2 (u)))
NEL/L(pn)
ℓ−1
2 NE/F (u)
ℓ−1
2
∣∣∣∣∣ =∣∣∣∣∣NEL/L((u− υ(u))(u − υ2(u))(u − υ3(u))...(u − υ
ℓ−1
2 (u)))
NE/F (u)
ℓ−1
2
∣∣∣∣∣
Now, since n(w) = 0, this means that the leading coefficient of u is in kE \ kF , where kE is the
residue field of E and kF is the residue field of F . Therefore, u − υi(u) ∈ o∗E ∀i = 1, 2, ... ℓ−12 .
Therefore,
NEL/L((u− υ(u))(u − υ2(u))(u− υ3(u))...(u − υ
ℓ−1
2 (u)))
NE/F (u)
ℓ−1
2
∈ o∗F
and therefore it’s absolute value is 1.
The same argument as in the case of positive depth supercuspidal representations shows that
our overall character formula F (χ˜) remains the same regardless of the choice of positive roots.
9.2 On whether there are two character formulas coming from the same Cartan
In this section, we show that if the distribution characters of two depth zero supercuspidal rep-
resentations, both coming from the unramified Cartan, agree on the n(w) = 0 range, then the
supercuspidal representations are isomorphic. Note that (F ∗K0 \F ∗K1)
⋂
E∗ = E∗ \F ∗(1+ pE) =
{w ∈ E∗ : n(w) = 0}.
Theorem 9.4. Suppose (E/F, χ1), (E/F, χ2) are admissible pairs such that F (χ˜1)(w) = F (χ˜2)(w)
on the set E∗ \ F ∗(1 + pE) = {w ∈ E∗ : n(w) = 0}. Then χ1 = χυ2 for some υ ∈ Aut(E/F ).
Proof. See [21, page 16].
Summing up, we have altogether shown that if (E/F, χ) is a regular pair such that χ has level
zero, then there is a unique depth zero supercuspidal representation, πχ∆χ , whose character, on
the range {z ∈ T (F )reg : 0 ≤ n(z) ≤ r/2} = {z ∈ T (F )reg : n(z) = 0}, agrees with F (χ˜). As in
the argument at the end of Section 8.6, one also sees that there is no positive depth supercuspidal
representation whose character, on the range {z ∈ T (F )reg : n(z) = 0}, also equals F (χ˜). Therefore,
combining Theorems (9.4) and (9.3), we obtain the following result.
Theorem 9.5. The assignment
{
irreducible ϕ :WF → GL(ℓ,C)
} 7→ χ˜ ∈ T̂ (F )τ◦ρ 7→ π(χ˜)
from Section (8.1) is the Local Langlands correspondence for depth zero supercuspidal representa-
tions of GL(ℓ, F ), where π(χ˜) is the unique supercuspidal representation whose character, on the
range {z ∈ T (F )reg : 0 ≤ n(z) ≤ r/2} = {z ∈ T (F )reg : n(z) = 0}, is F (χ˜).
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10 Appendix
Here we list some various helpful lemmas that we needed throughout the paper.
Lemma 10.1. Let F be a local field whose residual characteristic is not 2. Suppose λ is a character
of F ∗ whose order is a power of 2. Then λ|U1
E
≡ 1.
Proof. Let w ∈ U1E. Then w is a square since the leading term in the power series expansion is 1.
Moreover, one of the square roots of w is in U1E . We may then proceed inductively to conclude that
w is a 2n-th power for any n ∈ N.
Lemma 10.2. Suppose the residual characteristic of the local field F is not 2. Let x = pnu be an
element of F ∗, with n ∈ Z, u ∈ UF . For x to be a square, it is necessary and sufficient that n is
even and the image u of u in F∗p = UE/U
1
E is a square.
Proof. See [19, Section 3.3]
We now collect some basic properties of the Weil index, which we need for various computations
(see [17] for more details). Throughout, F denotes either a local field or a finite field of characteristic
6= 2. Let η be a nontrivial additive character of F . For any a ∈ F , we write aη for the character
aη : x 7→ η(ax).
Definition 10.3. Define
γF (η) := theWeil index of the map x 7→ η(x2)
γF (a, η) := γF (aη)/γF (η) a ∈ F ∗
Lemma 10.4. (1)γF (ac
2, η) = γF (a, η) and γF (ab, η)γF (a, η)
−1γF (b, η)
−1 = (a, b)F .
(2)γF (−1, η) = γF (η)−2
(3){γF (a, η)}2 = (−1, a)F = (a, a)F
Let Q be a nondegenerate quadratic form of degree n over F .
Definition 10.5. The Hasse invariant hF (Q) is defined as follows:
hF (Q) = γ(η ◦Q){γF (η)}−n{γF (detQ, η)}−1
Here γ(η ◦Q) is the Weil index of x 7→ η(Q(x)).
Lemma 10.6. (1) If n = 2, and Q = a1x
2
1 + a2x
2
2, a1, a2 ∈ F ∗, then hF (Q) = (a1, a2)F .
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